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Integration methods 


Introduction 


In this unit you'll continue your study of integration. In Unit 7 you saw 
that integration is the reverse of differentiation. You saw that you can use 
it to solve problems in which you know the values taken by the rate of 
change of a continuously changing quantity, and you want to work out the 
values taken by the quantity, or how much the quantity changes over some 
period. For example, you saw that if you have a formula for the velocity of 
an object in terms of time, then you can use integration to find a formula 
for the displacement of the object in terms of time, or work out the change 
in the displacement of the object over some period of time. 


In Sections 1 and 2 of this unit, you'll meet a different way to think about 
integration. This way of thinking about it involves areas of regions of the 
plane, rather than rates of change. You'll see that the link between the two 
ways of thinking about integration helps you to solve problems both about 
areas and about rates of change. 


In Sections 3 to 5 of the unit, you'll learn some more methods for 
integrating functions, which you can use in addition to the methods that 
you learned in Unit 7. These further methods will allow you to integrate a 
much wider variety of functions than you've learned to integrate so far. 


Many students find some of the material in this unit quite challenging 
when they first meet it, so don’t worry if that’s the case for you too. As 
with most mathematics, it will seem more straightforward once you're 
more familiar with it. If you find a particular technique difficult, then 
make sure that you watch the associated tutorial clips, and use the 
practice quiz and exercise booklet for this unit for more practice. 


This unit is likely to take you more time to study than most of the other 
units, so the study planner allows extra time for it. 
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1 Areas, signed areas and definite 
integrals 


In this section you'll look at a type of mathematical problem that you 
might think has little connection with the mathematics of rates of change 
that you studied in Units 6 and 7. In Section 2 you'll see that in fact the 
two areas of mathematics are closely related. 


Throughout Sections 1 and 2, we'll work with continuous functions. 
Remember that a continuous function is a function whose graph has no 
breaks in it, over its whole domain. Informally, it's a function whose graph 
you can draw without taking your pen off the paper (though you might 
need an infinitely large piece of paper, as the graph might be infinitely 
long!). 


1.1 Areas and signed areas 


Sometimes it's useful to calculate the area of a flat shape with a curved 
boundary. For example, suppose that an architect is designing a large 
building shaped as shown in Figure 1(a). The curve of the roof is given by 
the graph of the function 


f(x)-9—da^ (-18 < x € 18), 


where x and f(x) are measured in metres. This graph is shown in 
Figure 1(b). 


(a) 


Figure 1 (a) The shape of a building (b) the graph that gives the curve 
of the roof 


1 Areas, signed areas and definite integrals 


Suppose that the architect wants to calculate the area shaded in 
Figure 1(b), so that she can determine the amounts of materials needed to 
build the end wall of the building. 


Here's a way of calculating an approximate value for this area, which you 
can make as accurate as you wish. You start by dividing the interval 
[-18, 18], which is the interval of z-values that corresponds to the curve, 
into a number of subintervals of equal width. 


For example, in Figure 2 the interval has been divided into twelve 
subintervals. The right endpoint of the first subinterval is equal to the left 
endpoint of the next subinterval, and so on. 


For each subinterval, you approximate the shape of the curve on that 
subinterval by a horizontal line segment whose height is the value of the 
function at the left endpoint of the subinterval, as shown in Figure 2. You 
calculate the areas of the rectangles between these line segments and the 
x-axis (simply by multiplying their heights by their widths in the usual 
way), and add up all these areas to give you an approximate value for the 
required area. The more subintervals you use, the better will be the 
approximation. 
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Figure 2 A collection of rectangles whose total area is approximately the 
area in Figure 1(b) 


In the next example this method is used, with four subintervals, to find an 
approximate value for the area discussed above. Notice that, in both the 
example and in Figure 2 above, the rectangle corresponding to the first 
subinterval has zero height and therefore zero area — this happens because 
the value of the function at the left endpoint of this subinterval is zero. 
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Example 1 Calculating an approximate value for an area 


Use the method described above, with four subintervals as shown 
below, to find an approximate value for the area between the graph of 


the function f(x) = 9 — +x? and the z-axis. 
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Solution 


We divide the interval [—18, 18] into four subintervals of equal width. 
The whole interval has width 36, so each subinterval has width 
36/4 — 9. 


'The left endpoints of the four subintervals are 
18, 18 +9, 18+2x9, —18+3x9, 
that is 
—18, -9, 0, 9. 


So the heights of the rectangles are 


P=); =D); f (0), f(9), 
that is, 


9— $ x (-18)?, 9-3 x(-9?, 9-4 x0, 9- 4x9, 
which evaluate to 


27 27 
O UE 


So we obtain the following approximate value for the area: 
405 


(0 x 9) + (Z x 9) + (9 x 9) + (21. x 9) T = 202.5. 


The calculation in Example 1 shows that a (rather crude) approximate 
value for the area of the cross-section of the roof discussed at the 
beginning of this subsection is 202.5 m?. 


1 Areas, signed areas and definite integrals 


Note that the units for the area of a region on a graph are, as you'd 
expect, the units on the vertical axis times the units on the horizontal axis. 
For example, if the units on both axes are metres, then the units for area 
are square metres (m?). If a graph has no specific units on the axes, then 
the units for area are simply ‘square units’, and we usually omit them 
when we state an area. 


In the next activity you're asked to find another approximation for the 
area of the cross-section of the roof discussed earlier, by using the 
subinterval method with six subintervals instead of four. 


Activity 1  Calculating an approximate value for an area 
Use the method described above, with six subintervals as shown below, to 


find an approximate value for the area between the graph of the function 
f(x) = 9 — $x? and the z-axis. 


y 
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Table 1 shows the approximate values for the area between the graph of 
the function f(z) = 9— 3c? and the z-axis that were found in Example 1 
and in the solution to Activity 1. It also shows, to three decimal places, 
some further approximate values that were found in the same way, but 
using larger numbers of subintervals. The calculations were carried out 
using a computer. 


Table 1 Approximate values for the area in Figure 1(b) 


Number of subintervals 4 6 12 50 100 500 
Approximation obtained 202.5 210 214.5 215.914 215.978 215.999 


You can see that as the number of subintervals gets larger and larger, the 
approximation obtained seems to be getting closer and closer to a 
particular number. We say that this number is the limit of the 
approximations as the number of subintervals tends to infinity. It's the 
exact value of the area between the graph of the function f(x) — 9 — za? 
and the x-axis. From Table 1, it looks as if the exact value of this area is 
216, or perhaps a number very close to 216. 
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In general, if you have a continuous function f whose graph lies on or 
above the z-axis throughout an interval [a,b], then you can use the method 
demonstrated above to find, as accurately as you want, the area between 
the graph of f and the z-axis, from z = a to x = b. Figure 3(a) illustrates 
an area of this type, and Figure 3(b) illustrates the approximation to the 
area that's obtained by using 8 subintervals. 
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(b) 


Figure 3 (a) The area between a graph and the z-axis, from x = a to 
x = b (b) A collection of rectangles whose total area is approximately 
this area 


Here's a summary of the method that you've met for finding an 
approximate value for an area of this type. You start by dividing the 
interval [a,b] into a number, say n, of subintervals of equal width. The 
width of each subinterval is then (b — a)/n. For each subinterval you 
calculate the product 


f ( left endpoint ) " b— s (1) 


of subinterval n 


and you add up all these products. In general, the larger the number n of 
subintervals, the closer your answer will be to the area between the graph 
of f and the z-axis, from z — a to x — b. 


Now suppose that you have a continuous function f whose graph lies on or 
below the x-axis throughout an interval [a,b], and you want to calculate 
the area between the graph of f and the x-axis, from x = a to x = b, as 
illustrated in Figure 4(a). 


You can use the method above, with a small adjustment at the end, to 
calculate an approximate value for an area like this. Consider what 
happens when you apply the method to a graph like the one in 

Figure 4(a). You start by dividing the interval [a,b] into n subintervals of 
equal width, then you calculate all the products of form (1) and add them 
all up. For a graph like this, because the value of f at the left endpoint of 
each subinterval is negative (or possibly zero), each product of form (1) 
will also be negative (or zero). In fact, each product of form (1) will be the 
negative of the area between the line segment that approximates the curve 
and the z-axis, as illustrated in Figure 4(b). So when you add up all the 
products of form (1), you'll obtain an approximate value for the negative of 
the area between the curve and the z-axis, from x = a to x = b. 


1 Areas, signed areas and definite integrals 


(a) (b) 


Figure 4 (a) The area between another graph and the z-axis, from x = a 
to z — b (b) A collection of rectangles whose total area is approximately 
this area 


'That's not a problem, because you can simply remove the minus sign to 
obtain the approximate value for the area that you want. However, to help 
us deal with situations like this, it's useful to make the following 
definitions. These definitions will be important throughout the unit. 


Consider any region on a graph that lies either entirely above or entirely 
below the x-axis. The signed area of the region is its area with a plus or 
minus sign according to whether it lies above or below the z-axis, 
respectively. For example, in Figure 5 the two shaded regions above the 
x-axis have signed areas +4 and +6, respectively, which you can write 
simply as 4 and 6, and the shaded region below the x-axis has signed 
area —3. 
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Figure 5 Regions on a graph 


If you have a collection of regions on a graph, where each region in the 
collection lies either entirely above or entirely below the x-axis, then the 
total signed area of the collection is the sum of the signed areas of the 
individual regions. For example, the total signed area of the collection of 
three regions in Figure 5 is 4+ (—3) + 6 = 7. 


The units for signed area on a graph are, as you’d expect, the same as the 
units for area on the graph. That is, they’re the units on the vertical axis 
times the units on the horizontal axis. If there are no specific units on the 
axes, then we don’t use any specific units for signed area. 
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Example 2 Understanding signed areas 
The areas of some regions on a graph are marked below. 


In each of parts (a)-(c), use these areas to find the signed area 
between the graph and the x-axis, from the first value of x to the 
second value of x. 


(a) From z = —3 to z = —2. (b) From = = 2 tow = 


(c) Brom y = —3 tou — 1. 


Solution 


Negative signed area 


(a) The signed area from x = —3 to x = —2 is —2.2. 
(b) The signed area from x = —2 tox = 1 is +4.8 = 4.8. 
(c) The signed area from x = —3 to x = 1 is —2.2 + 4.8 = 2.6. 


Of course, the signed area value found in Example 2(c) doesn't correspond 
to any actual area on the graph, as it's the sum of a positive signed area 
and a negative signed area. 
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Activity 2 Understanding signed areas 


Consider again the graph in Example 2. In each of parts (a)-(d) below, use 
the given areas to find the signed area between the graph and the x-axis, 
from the first value of x to the second value of x. 


(a) From z = 1 to x =5. (b) From z = 5 to z = 7, 
(c) From z = 1 tox =7. (d) From x = 1 to z = 9. 


With the definition of signed area that you’ve now seen, the method that 
you've met in this subsection can be described concisely as follows. 


Strategy: 

To find an approximate value for the signed area between 
the graph of a continuous function f and the x-axis, from 
qp—uwgtorc-b 


Divide the interval between a and 5 into n subintervals, each of 
width (b — a)/n. For each subinterval, calculate the product 


f endpoint of subinterval T b—a 
nearest a n 


p) 


and add up all these products. 


In general, the larger the number n of subintervals, the closer your 
answer will be to the required signed area. 


Notice that the box above uses the phrase ‘endpoint of subinterval 

nearest a’, rather than ‘left endpoint of subinterval’, which means the same 
thing. This will be convenient later in this subsection. (Note that, in this 
phrase, it's the endpoint of the subinterval, not the subinterval itself, 
that's nearest a!) 


Figures 6 and 7 illustrate the strategy above. If you add up the signed 
areas of all the rectangles in Figure 6(a), then you'll obtain an 
approximate value for the signed area in Figure 6(b). 


i E 


(a) (b) 


Figure 6 (a) A collection of rectangles whose total signed area is 
approximately the signed area shown in (b) 
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Similarly, if you add up the signed areas of all the rectangles in Figure 7(a), 
then you'll obtain an approximate value for the signed area in Figure 7(b). 


YA 


(a) 


Figure 7 


Activity 3 Calculating an approximate value for a signed area 


(b) 


Xy 


(a) Another instance of a collection of rectangles whose total 
signed area is approximately the signed area shown in (b) 


Use the method described in the box above, with six subintervals as shown 
on the left below, to find an approximate value for the signed area between 
the graph of the function f(x) = 3 — x? and the x-axis from x = —3 to 


x = 3, as shown on the right below. 


m-4 


wI 


Hm 
Sy 


In the next activity you can use a computer to explore approximations to 
signed areas found by using subintervals in the way that you’ve seen. 
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Activity 4 Calculating more approximate values for signed areas e 


Open the applet Approximations for signed areas. Check that the function 
is set to f(x) = 3 — z?, the values of a and b are set to —3 and 3 
respectively, and the number of subintervals is set to 6. The resulting 
approximation for the signed area between the graph of f and the z-axis, 
from x = a to x = b, should then be the value found in the solution to 
Activity 3. 


Now increase the number of subintervals, and observe the effect on the 
approximation. What do you think is the exact value of the signed area? 


Experiment by changing the function, the values of a and b, and the 
number of subintervals, to find approximate values for some other signed 
areas. 


So far in this subsection, whenever a signed area from x = a to x = b has 
been discussed, the value of b has been greater than the value of a. 


The value of b can also be equal to the value of a, and this gives a signed 
area of zero, as illustrated in Figure 8. In cases like this, the method that 
you've seen for using subintervals to find approximate values for signed 
areas gives the answer zero, since the width (b — a)/n of each subinterval is 
Zero. 


Xy 


Figure 8 A signed area equal to zero 


In fact, for reasons that you'll see later in the unit, it's useful to extend the 
definition of signed area a little, to give a meaning to the phrase ‘the 
signed area between the graph of f and the z-axis from x =a to z = b’ 
when b is less than a. It's not immediately obvious what the phrase means 
in this case, but it turns out that the natural meaning is as follows. This 
definition will be important throughout the unit. 
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Suppose that f is a continuous function whose domain includes the 
interval [b, a], as illustrated in Figure 9. Then the signed area between 
the graph of f and the z-axis from x = a to x = b is defined to be the 
negative of the signed area between the graph of f and the x-axis from 
x -—btorc-a. 


Sy 


Figure 9 The graph of a continuous function f whose domain includes 
the interval [b, a] 


For example, consider the graph in Figure 10. The signed area from x = 1 
to x = 3 is 4, so the signed area from x = 3 to x = 1 is —4. Similarly, the 
signed area from x = 6 to x = 8 is —5, so the signed area from x = 8 

to x = 6 is —(—5) = 5. 


Figure 10 Areas on a graph 


Because of this extended definition of signed area, you now have to think a 
little more carefully when you read or use the phrase ‘signed area’ (and the 
signed area isn't zero). If there's no mention of ‘from x = a to x = b’, then 
to decide whether the signed area is positive or negative you just need to 
consider whether it lies above or below the x-axis. However, if the text is 
of the form ‘the signed area from x = a to x = b’, then to decide whether 
the signed area is positive or negative you also have to consider whether b 
is greater than or less than a. 


'This is illustrated in the next example. A helpful way to think about 
whether b is greater than or less than a is to think about whether x moves 
forward or backward as it changes from x = a to x = b. 


1 Areas, signed areas and definite integrals 


Example 3 Understanding the extended definition of signed area 


The areas of some regions on a graph are marked below. In each of 
parts (a)-(d), use the given areas to find the signed area between the 
graph and the z-axis, from the first value of x to the second value 

(OIL a. 


(a V Brom. — 31047 — 3. (bp) Prom æ = Octo = 10. 
(e) Pon s = i0 w0 7 = 6. (d) From z = 6 to z — —1. 


Solution 

(a) €. From 3 to 3 is from a number to the same number. © 
The signed area from x = 3 to x = 3 is 0. 

(b) &. From 6 to 10 is forward. & 
The signed area from x = 6 to x = 10 is —5.4. 

(c) @ From 10 to 6 is backward. &@ 


The signed area from z = 6 to x = 10 is —5.4, 
so the signed area from x = 10 to x = 6 is 5.4. 


(d) & From 6 to —1 is backward. 9 


The signed area from z = —1 to x = 6 is —2.4 + 4.0 = 1.6, 
so the signed area from x = 6 to x = —1 is —1.6. 


In each part of the next activity, start by thinking about whether x moves 
forward or backward (or stays fixed) as it moves from the first value of x 
to the second value of x. 
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Activity 5 Understanding the extended definition of signed area 


The graph in Example 3 is repeated below. In each of parts (a)-(g), use 
the given areas to find the signed area between the graph and the x-axis, 
from the first value of x to the second value of x. 


(a) From z = 2 to x = 6. (b) From z = 6 to z 2. 

(c) From z = 2 tos = 10. (d) From z = 10 to z = 2. 
(e) From z = 8 to x = 8. (f) From z = 2 to z = —3. 
(8) 


C 


From x = 10 to z = —1. 


The subinterval method for finding approximate values for signed areas, 
which is summarised in the box on page 113, applies no matter whether 
the value of b is greater than, less than, or equal to the value of a. The 
reason why it works in cases where b is less than a is that in these cases 
the ‘width’ (b — a)/n of each subinterval is negative. 


You might like to use the applet Approximations for signed areas to see 
examples of the method giving approximate values for signed areas in cases 
where b is less than a. 


Of course, if you want to work out an area between a curve and the z-axis 
over an interval [a,b] by using the method that you've seen in this 
subsection, then normally you would work out the signed area from a to b, 
rather than the signed area from b to a. However, it's important to 
understand what's meant by the signed area from b to a, for reasons that 
you'll see later in the unit. 
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1.2 Definite integrals 


Before you learn more about why signed areas are important, it’s useful for 
you to learn some terminology and notation that are used when working 
with them. 


If f is a continuous function and a and b are numbers in its domain, then 
the signed area between the graph of f and the z-axis from x = a tor = b 
is called the definite integral of f from a to b, and is denoted by 


n dii 


This notation is read as ‘the integral from a to b of f of x, d x’. The 
numbers a and 6 are called the lower and upper limits of integration, 
respectively. 


For example, for the function f in Figure 11, 


Figure 11 The graph of a function, and some areas 


You'll see a little later in this subsection where this notation for a definite 
integral comes from. 


'The symbol f is called the integral sign. It sometimes appears in a 


smaller form, f, when it’s in a line of typed text. 
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As with Leibniz notation for derivatives, the ‘d’ in the notation for definite 
integrals has no independent meaning. In many texts, including this one, 
it's printed in upright type, rather than italic type, to emphasise that it's 
not a variable. You don't need to do anything special when you 

handwrite it. 


When you use the notation P f(x) dz, remember that you must include 


not only the ri at the beginning, but also the dx at the end. 'Iry not to 
forget the dz! 


You've now seen that a definite integral is a type of signed area, and you 
saw in Unit 7 that an indefinite integral is a type of general antiderivative. 
'These two seemingly unrelated concepts are, as you probably suspect, 
closely related. You'll see how in Section 2. 


'The box below lists some standard properties of definite integrals, which 
come from their definition as signed areas. These properties hold for all 
values of a, b and c in the domain of the continuous function f. The 
second property comes from the extended definition of signed area, to 
cases where b is less than a. The third property expresses the fact that the 
signed area from a to c is equal to the signed area from a to b plus the 
signed area from b to c. Figure 12 illustrates this property in a case where 
a « b « c, but the extended definition of signed area ensures that the 
property holds even when a, b and c aren't in this order. This is one reason 
why the definition of signed area is extended in the way that you've seen. 


Standard properties of definite integrals 


[ fas =o 
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Figure 12 Two adjacent signed areas 


1 Areas, signed areas and definite integrals 


Activity 6 Understanding definite integrals 


Consider the function f whose graph is shown below. The areas of some 
regions are marked. By using these areas, write down the values of the 
following definite integrals. 

Hint: notice that in some of these definite integrals the upper limit of 
integration is less than the lower limit of integration. 


@ [ree w f soar © [ ras 


2 T 7 

(d) / Jede (o) i faa (D / FG) ax 
5 —3 2 

(g) i f(r)dz (h) f fade (i) f f(a) dz 
-5 = 


-5 
G) f Hedw (f feas Q / f(a) dz 
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Activity 7 Using a standard property of definite integrals 
Consider again the graph in Activity 6. 


9 9 
Given that f f(x) dx = —15, find i, f(a) da. 
2 7 
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As you'd expect, you can replace the expression f(x) in the notation for a 
definite integral by the formula for a particular function. For example, the 
signed areas in Figure 13 are denoted by 


1 1 
f r?dx and n (a? — 1) dz, 
E 0 


respectively. 


y—-23—1 


Figure 13 Signed areas between the graphs of particular functions and 
the r-axis 


As always with algebraic notation, the notation for a definite integral can 
be used with letters other than the standard ones. For example, if g is a 
continuous function whose domain contains the numbers p and q, and you 
use t to denote the input variable of g, then the definite integral of g 

from t = p to t = q is denoted by 


J " g(t) dt. 


In fact, the input variable of the function in a definite integral is what's 
known as a dummy variable — you can change its name to any other 
variable name that you like, without affecting the value of the definite 
integral. For example, if f is a continuous function whose domain contains 
the numbers a and 6, then 


f foi - [roc f reas 


and so on. As a particular example, 


1 1 1 
i x? dx -f ea-[ u? du, 
= E = 


since all these definite integrals denote the signed area shown in 

Figure 13(a). 

If f is any continuous function, and a and b are numbers in its domain, 
then you can find an approximate value for the definite integral p fle) die, 


as accurately as you like, by using the method that you met in the last 
subsection. Here's the method expressed algebraically. 


1 Areas, signed areas and definite integrals 


Suppose that you want to find T f (x) da, as illustrated in Figure 14(a). 
You divide the interval between a and b into n subintervals, each of 
width (b — a)/n, as illustrated in Figure 14(b). We'll denote (b — a)/n 
by w here, for conciseness. 


Xy 
RY 


n subintervals 


(a) (b) 


Figure 14 (a) A definite integral pi f(x) dx (b) A collection of n 
rectangles whose total signed area is approximately this definite integral 


'The endpoints nearest a of the subintervals are 


a+0w, atlw, a-2w, ..., at(n—1)w. 


(Remember that the strategy on page 113 specifies ‘endpoint of subinterval 
nearest a’, rather than ‘left endpoint of subinterval’. The reason for this is 
that it ensures that the algebraic expressions for the endpoints stated 
above are correct when b is less than a, as well as when 6 is greater than a 
or equal to a.) 


So an approximate value for the definite integral of f from z =a to x = b 
is given by 
f(a+0w) x w+ f(a+1lw) x w+ f(at+2w) x w---- 
o f(at(n—1)w) x w. 


This expression can be simplified slightly by taking out the common 
factor w. Doing this (and writing the common factor at the end) gives 


(fa + Ow) + f(a 4- 1w) 4 f(a+2w) ++ f(a (n= 1)w))w. 


As the value of n gets larger and larger, the value of this expression gets 
closer and closer to the value of Jf? f(x) drz. 


The limit of the value of the expression, as the value of n tends to infinity, 
is the exact value of fe f(x) dx. This idea is summarised below. The 
notation ‘ lim’ means ‘the limit, as n tends to infinity, of’. 

N—- Oo 
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Algebraic definition of a definite integral 


Suppose that f is a continuous function and a and b are numbers in 
its domain. Then the definite integral of f from z = a to x = b is 
given by the equation 


b 
/ f(a) dz = lim (f(a + Ow) + f(a + 1w) + flat 2w) ++ 


ga + f(a- (n — 1)w))w 


where w = (b — a)/n. 


If f is a particular continuous function, and a and b are numbers in its 
domain, then you can sometimes calculate an exact value for f? f(x) dz by 
using an algebraic method to find the limit in the box above. In some 
cases you might even be able to obtain a general formula for Jp f(z) da, in 
terms of a and b. However, this is usually a complicated and difficult 
process, so normally we don't do it. Instead, if you want to evaluate a 
definite integral f? f (x) dz, then you have two main options. 


The first option is to obtain an approximate value by using subintervals in 
the way that you've seen. We usually use a computer to carry out the 
calculations. The computer algebra system that you're using in this 
module includes a command that instructs the computer to find an 
approximate value for a definite integral, to a particular level of precision, 
by using a version of the subinterval method that you've seen. You'll learn 
about this command in the final subsection of this unit. 


The other option for evaluating a definite integral T f(x) dx is to use an 
algebraic method that arises from the fundamental theorem of calculus, 
which you'll meet in Section 2. This algebraic method involves much less 
calculation than using subintervals, and it has the advantage of giving an 
exact answer. However, sometimes it's not possible or not practicable to 
use this method, as you'll see. 


Now here's an explanation of where the notation and terminology for 
definite integrals come from. They arise directly from the method that 
you've seen for calculating approximate values for definite integrals. To see 
how, consider applying the method to a function f, as illustrated in 
Figure 15(a). 


Consider any one of the subintervals. You could denote its endpoint 
nearest a by x, and its width by óx, as shown in Figure 15(b). As you saw 
in Unit 6, the notation dx represents a small change in z. 


1 Areas, signed areas and definite integrals 


Xy 


Figure 15 (a) The subinterval method applied to a function f from 
x =a to x = b (b) One of the subintervals and its corresponding rectangle 


With this notation, the signed area of the rectangle corresponding to the 
subinterval, from x to x + 62, is 


f(x) da. (2) 


So the total signed area of all the rectangles is the sum of a number of 
terms, each of form (2). As the number of subintervals gets larger and 
larger, the size of dx gets smaller and smaller, and the total signed area of 
the rectangles gets closer and closer to the definite integral of f from a 

to b. So, loosely, you can think of this definite integral as the sum of 
infinitely many terms of form (2), where the quantity dz is infinitely small. 
Historically, as you saw in Unit 6, the quantity ôx was denoted by dr when 
it becomes infinitely small, so the sum described above was denoted by 


[soe 


where the symbol f is an elongated ‘S’, which stands for ‘sum’. 


Johann Bernoulli (1667-1748) 
To see where the term ‘integral’ comes from, remember that the verb ‘to 


integrate’ means ‘to join together’. Loosely, you can think of a definite 
integral as being obtained by joining together infinitely many signed areas, 
each infinitely narrow, into a single signed area. 


'The name and principal symbol for integral calculus were discussed 
by Gottfried Wilhelm Leibniz and the Swiss mathematician 

Johann Bernoulli. Leibniz preferred 'calculus summatorius' as the 
name, and f, the elongated S, as the symbol. Bernoulli preferred 
‘calculus integralis’ as the name, and the capital letter I as the 
symbol. Eventually they agreed to compromise, adopting Bernoulli's 
name ‘integral calculus’ and Leibniz's symbol f. The first appearance 
in print of the word ‘integral’ was in a work by Johann’s brother, 
Jacob Bernoulli, in 1690, though Johann insisted that he had been 
the one to introduce the term. 


Jacob Bernoulli (1654-1705) 
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Joseph Fourier (1768-1830) 
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'The modern notation for a definite integral, with limits at the bottom 
and top of the integral sign, is due to the French mathematician 
Joseph Fourier, who introduced it in his pioneering book on heat 
diffusion Théorie analytique de la chaleur (The analytic theory of 
heat) of 1822. He first published the notation four years previously in 
an announcement for the book. Fourier accompanied 

Napoleon Bonaparte on his Egyptian expedition of 1798, and later 
supported Jean-Frangois Champollion, the decipherer of the Rosetta 
Stone. He is remembered today for initiating the investigation of 
Fourier series. These are infinite trigonometric series, which are now 
named after him, and which arose in the context of his work on heat 
diffusion. You'll meet the idea of a series in Unit 10. 


'To finish this section, here's a summary of the main idea that you've met. 


Definite integrals 


Suppose that f is a continuous function, and a and b are numbers in 
its domain. The signed area between the graph of f and the x-axis 
from z = a to x = b is called the definite integral of f from a to b, 
and is denoted by 


f EO 


2 The fundamental theorem of 
calculus 


In this section you'll discover how the ideas about signed areas that you 
met in Section 1 are connected with the ideas about rates of change that 
you met in Units 6 and 7. The two areas of mathematics are linked by an 
important fact known as the fundamental theorem of calculus. 


'This theorem is stated in the first subsection of this section, preceded by 
an explanation of why it/s true. It's a good idea to read the explanation, 
to increase your understanding, particularly if you intend to study more 
mathematics after this module. However, if you find the explanation hard 
to understand, then you can skip it, and go straight to the box headed 
‘Fundamental theorem of calculus’, near the end of Subsection 2.1. Read 
the contents of this box, and continue reading to the end of the subsection. 
Make sure that you understand the fundamental theorem of calculus, and 
the other important facts stated there, even if you don’t know why they’re 


2 The fundamental theorem of calculus 


true. The two subsections that follow, Subsections 2.2 and 2.3, show you 
how to use the fundamental theorem of calculus. You might like to try 
reading Subsection 2.1 again later, as some of the ideas that you found 
difficult the first time might seem easier once you're more familiar with the 
ways in which you can use the fundamental theorem of calculus. 


2.1 What is the fundamental theorem of calculus? 


'The first step in obtaining a link between signed areas and rates of change 
is to define, for any continuous function f, a new function whose values are 
signed areas between the graph of f and the x-axis. Here's how we do that. 


Consider any continuous function f, as illustrated in Figure 16. 


y — f(x) 


Sv 


Figure 16 The graph of a continuous function f 


Let's choose any number, say s, in the domain of f, and define a new 
function, A, to have the same domain as f and the following rule: 


A(x) = signed area between the graph of f 
and the x-axis, from s to z. 


This definition is illustrated in Figure 17. 


A(x) = signed 
y area from s to £ 


Figure 17 A continuous function f and a signed area A(x) 


We call the function A the signed-area-so-far function for the 
function f, with starting point s. Its rule can be expressed concisely as 
follows: 


A(x) = f ” p(t) dt. 
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(Here the variable t has been used in the definite integral instead of the 
usual variable x, to avoid confusion with the input variable x of the 
function A.) 


Note that if a and b are any two numbers in the domain of f, then the 
signed area between the graph of f and the z-axis, from x = a to x = b, is 
given by 

A(b) — A(a). 


In other words, 


b 
f Teas AAt. 


This fact is illustrated in Figure 18, in a case where s < a < b. The third 
property of definite integrals in the box on page 120 tells you that the fact 
holds even when s, a and b aren't in this order. 


Figure 18 An illustration of the fact that ^ f(a) da = A(b) — A(a) 


Now let’s consider how the value of a signed-area-so-far function changes 
as the value of the input variable x changes. Let’s start by looking at what 
happens when the function f is a constant function. 


2 The fundamental theorem of calculus 


For example, consider the constant function f(x) = 3, whose graph is 
shown in Figure 19. Let's take the starting point s for the 
signed-area-so-far function A to be 1, as indicated in Figure 19. 


Figure 19 The graph of the constant function f(x) = 3 


Figure 20 shows some values of A(x). 


AQ) 20 A(2) 23 AQ) = A(3.5) = 7.5 


4A(0) = -3 A(—1) = —6 AS) ==75 
y y y 
iecur 3 3 
2 2 2 
1 1 1 
Exe egs E96; Pi MEO e Eee 9e 


Figure 20 Some values of A(x) when f is the constant function f(x) = 3 
and the starting point s is 1 


You can see that the signed area A(x) changes at the rate of 3 square units 
for every unit by which x changes. For example, 


if x increases by 1, then A(x) increases by 3 
if x increases by 0.5, then A(x) increases by 0.5 x 3 = 1.5 
if x increases by —1, then A(x) increases by —1 x 3 = —3. 


(Remember that a negative increase is a decrease.) 


In other words, the rate of change of A(x) with respect to x is 3. 
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More generally, you can see that for any constant function f(r) — k, and 
any signed-area-so-far function A for f, the value of A(x) changes at the 
rate of k square units for every unit by which x changes. In other words, 
the rate of change of A(x) is k. 


There are two more examples of this in Figure 21. In Figure 21(a), the 
function is f(r) — 1.5, so the signed area A(x) changes at the rate of 
1.5 square units for each unit by which x changes. In Figure 21(b), the 
function is f(r) — —2, so the signed area A(x) changes at the rate of 
—2 square units for each unit by which æ changes. 


rate of change of rate of change of 
A(x) is 1.5 A(x) is —2 
Yr 
24 
14 
T T T T i T 
-2-1,.. 1 2 
——41-9 TEF 


Figure 21 Signed-area-so-far functions for constant functions, with 
starting points s = —1 in (a) and s = 3 in (b) 


Now let’s look at what happens for a function f that isn’t a constant 
function. Consider, for example, the function f whose graph is shown in 
Figure 22. The starting point s for the signed-area-so-far function A has 
been chosen to be 2. 


Figure 22 A signed-area-so-far function for a function f that isn’t a 
constant function 


For this function, as the value of x changes, the value of A(x) doesn’t 
change at a constant rate. For example, as illustrated in Figure 23(a), 
when z is close to 5 the value of A(x) changes at the rate of about 3 square 
units for every unit by which x increases. Similarly, as illustrated in 
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Figure 23(b), when z is close to 7 the value of A(x) changes at the rate of 
about 4 square units for every unit by which x increases. 


IEEE 


Figure 23 (a) When z is close to 5, the rate of change of A(x) is about 3 
(b) When z is close to 7, the rate of change of A(x) is about 4 


More precisely, when x = 5 the instantaneous rate of change of A(x) is 3, 
and when z — 7 the instantaneous rate of change of A(x) is 4. In fact — 
and this is the crucial thing to realise — at any value of x, the 
instantaneous rate of change of A(x) is f(x), as illustrated in Figure 24. 


Figure 24 The instantaneous rate of change of A(x) at x is f(x) 


In other words, the derivative of the function A is the function f, and so 
the function A is an antiderivative of the function f. 


You can see that this will be true for any continuous function f and any 
signed-area-so-far function A for f. That is, we have the important fact 
below. Because of its importance, it deserves to be called a theorem. 


Theorem 


Suppose that f is a continuous function, and s is any number in its 
domain. Let A be the signed-area-so-far function for f with starting 
point s. Then A is an antiderivative of f. 


It's this fact that leads to the fundamental theorem of calculus. Consider 
any continuous function f. Let s be any number in its domain, and let A 
be the signed-area-so-far function for f with starting point s. 
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Suppose that a and b are any numbers in the domain of f. Then, as you 
saw earlier in this subsection, the value of L f(x) dz, the signed area 
between the graph of f and the x-axis from x = a to x = b, is given by 


b 
I f(x) dz = A(b) — A(a). (3) 


Now let F be any antiderivative of f. Then, since A and F are both 
antiderivatives of f, the value of F(b) — F(a) is the same as the value of 
A(b) — A(a). That's because, as you saw in Unit 7, the value of 

F(b) — F(a) is the same no matter which antiderivative of f you take F 
to be. 


So you can replace A(b) — A(a) by F(b) — F(a) in equation (3) above. 
This gives the crucial fact that’s known as the fundamental theorem of 
calculus. It’s stated concisely below. 


Fundamental theorem of calculus 


Suppose that f is a continuous function whose domain contains the 
numbers a and b, and that F is an antiderivative of f. Then 


b 
f Heads a 


This theorem can be stated in words as follows. 


Fundamental theorem of calculus (in words) 


Suppose that f is a continuous function whose domain contains the 
numbers a and b, and that F is an antiderivative of f. Then the 
signed area between the graph of f and the z-axis from x = a to 

x = b is equal to the change in the value of F as x changes from z = a 
(io 4p e 0. 


'The equation in the fundamental theorem of calculus is true no matter 
whether the value a is less than, equal to or greater than the value b. This 
is the main reason why the definition of signed area is extended in the way 
that you saw earlier in this unit. 


Here's another important fact that's come out of the discussion in this 
subsection. The theorem in the box on page 131 tells you immediately that 
the following fact is true. 


Every continuous function has an antiderivative. 


2 The fundamental theorem of calculus 


In fact there's some disagreement among mathematicians about exactly 
which theorem should be called ‘the fundamental theorem of calculus’. 
Everyone agrees that this name should be given to a theorem that links 
signed areas with rates of change. However, while some mathematicians 
use the name for the theorem that's given this name in this module, other 
mathematicians use it for the theorem in the box on page 131. Still other 
mathematicians take the view that these two theorems are two 
fundamental theorems of calculus, or two parts of a single fundamental 
theorem of calculus. So if you search for ‘fundamental theorem of calculus’ 
on the internet, or look it up in books, then you're likely to find a variety 
of different results. 


2.2 Using the fundamental theorem to find signed 
areas 


'The fundamental theorem of calculus gives you a quick way to find the 
signed area between the graph of a continuous function f and the x-axis, 
from x = a to x = b, in cases where you know a formula for an 
antiderivative F of f. The theorem tells you that this signed area, which is 
the definite integral 


[ sow, 


is given simply by F(b) — F(a). 


For example, suppose that you want to find the area between the graph of 
the function f(x) = cosx and the z-axis, from x = 0 to x = 7/2, as 
illustrated in Figure 25. This area is the definite integral 


T/2 
f cosg dz. 
0 


Since an antiderivative of f(x) = cosx is F(x) = sinx (as you saw in 
Unit 7), the fundamental theorem of calculus tells you that 


T/2 T 
1 cos dz — sin (2) -sino- 1-0 1. 
0 


So the area in Figure 25 is 1 square unit. 


You may find it magical that a complicated area like the one in Figure 25 
can be found from such a simple calculation. In particular, it may seem 
amazing that although the area in Figure 25 depends on infinitely many 
values of cos x (namely all the values of cos x for x = 0 to x = 7/2), it can 
be calculated from the values of an antiderivative of cosx at just two 
values of x, namely x = 0 and x = 7/2. 


Notice that in the calculation above it doesn't matter which of the 
infinitely many antiderivatives of f(x) = cosx you use, because they all 


YA 


2 


Xy 


Figure 25 The area between 
the graph of f(x) = cosx and 


the x-axis, from x = 0 to 
gy 3/2 
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differ by a constant and hence they all lead to the same final answer. For 
example, using the antiderivative F(x) = sin z +7 gives 


1/2 
f cos dz = (sin (Z) +7) - (6in0 +7)=1+7-0-7=1. 
0 
It’s usually best to use the simplest antiderivative in calculations of this 
kind. 


You'll see another example of the fundamental theorem of calculus used to 
find a signed area shortly, and you'll then have the opportunity to find 
some signed areas in this way yourself. First, however, it's helpful for you 
to learn a type of notation that's convenient in calculations of this kind. 


For any function F, the expression 
F(b) — F(a) 


can be denoted by 
b 


[F(2)],. 


For example, 


[sin 2] 7? — gin (z) —sin0—1-—0-1. 


You can practise evaluating expressions of this type in the next activity. 


Activity 8 Evaluating expressions of the form |F(x)]! 


Evaluate the following expressions. In part (c), give your answer to three 
significant figures. 


(a) [52] — (b) [coss] — (e) [e]! 


With the square bracket notation introduced above, the fundamental 
theorem of calculus can be restated as follows. 


Fundamental theorem of calculus (square bracket notation) 


Suppose that f is a continuous function whose domain contains the 
numbers a and b, and F is an antiderivative of f. Then 


b 
| Sx da [F(a)]^. 


In the next example, the fundamental theorem of calculus is used, together 
with the square bracket notation, to find a signed area — that is, to 
evaluate a definite integral. 


2 The fundamental theorem of calculus 


Example 4 Evaluating a definite integral 


Evaluate the definite integral 


3 
/ r? da. 
1 


(This definite integral is shown in Figure 26.) 


Solution 


€ Use the fundamental theorem of calculus. By the general formula 


for the indefinite integral of a power function, an antiderivative of z? 
is ig^. 9 
10 


2 
| sepe 
1 
@. Evaluate this expression. ® 


= (ix25-(ix1! 
van jb -— 5 
hc mem 


You've now seen that, when you want to find a signed area, it's much 
quicker and simpler to use the fundamental theorem of calculus than to 
use the method involving subintervals that you saw in Subsection 1.1. 
Another advantage of using the fundamental theorem of calculus is that it 
gives you an ezact answer, rather than an approximate one. However, 
remember that you can use the fundamental theorem of calculus only when 
you can find a formula for the antiderivative that you need. Sometimes it's 
difficult or impossible to find such a formula. 


In the next activity, you can try evaluating some definite integrals by using 
the fundamental theorem of calculus. Use the square bracket notation, as 
in Example 4, since you need to get used to this notation. You can find the 
antiderivatives that you need by using the table of standard indefinite 
integrals given near the end of Unit 7. This table is also included in the 
Handbook. 


Figure 26 The definite 
integral in Example 4 
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Activity 9 Evaluating definite integrals 
Evaluate the following definite integrals (which are shown in Figure 27). 


Give exact answers, and (except in parts (a) and (d), where the answer is a 
simple fraction or an integer) also give answers to three significant figures. 


(a) [2a (b) [ea (c) [iw 


T/4 " 1 1 
0 d0 — 
(d) Len sec’ Od (e) S e du 


Figure 27 The definite integrals in Activity 9 


The next example demonstrates how to evaluate another definite integral 
by using the fundamental theorem of calculus. The only difference from 
the examples that you’ve seen so far is that the antiderivative that’s 
needed for the method can’t be found directly from the table of standard 
indefinite integrals. Instead, we have to start by manipulating the given 
function to express it as a sum of constant multiples of functions that we 
can integrate, then use the constant multiple rule and sum rule for 
antiderivatives, together with the table of standard indefinite integrals. 
You practised finding antiderivatives in this way in Unit 7. 


As shown in the example, a convenient way to carry out these sorts of 
manipulations is to manipulate the expression inside the notation 

P ... dx. This expression is known as the integrand. For example, the 
definite integral fo x? dx has integrand z?. 
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Example 5 Evaluating a more complicated definite integral A 
Evaluate the definite integral mE 
4 
2 ll —4 
j Gaeta 
2 x 
(It is shown in Figure 28.) 
Solution 
@. Manipulate the integrand to get it into a form that you can 
integrate. ® 
4 
2 1 —4 
(cea: 
2 x Yr 
[= | y= 
= ee dx 54 
2 


Hi 
gA 
a 4 
=| (2-7-2) dx T DI 
9j Tz —1 374 5 


£ 1 
=| (2e-7-4x =) dx ; 9 
3) x A 


€ Apply the fundamental theorem of calculus, and evaluate the 
result. £9 
= 2 a? - Tw- Ana] eae 
= |a? — Tr — AIna]? 
mcns in) 
16 — 28 — 4I1n4— 4+ 14 + 4ln 2 
—2 — 4(In4 — In 2) 
—2 — 41n(4/2) 
= —2 — 4ln 2 


(2x + 1)(z — 4) 


m4 


Q3, There’s no need to find a decimal approximation, as the question 
didn't ask for one. ©& 


'There are other acceptable ways to leave the final answer in Example 5. 
For example, you could write it as —2(1 + 21n 2). 
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Activity 10 Evaluating more complicated definite integrals 


Evaluate the following definite integrals (which are shown in Figure 29). 
Give exact answers. 


(a) [ 5 e) f 


0 4 
OE? dr 


dde. da n 


T 


—1 


(a) (c) 


Figure 29 The definite integrals in Activity 10 


When you use the square bracket notation, you can sometimes simplify 
your working by using the following rules. 


Constant multiple rule and sum rule for the square bracket 
notation 


[KF(«)|? = k[F(z)]^ , where k is a constant 


For example, the constant multiple rule for the square bracket notation 
tells you that 


[5 sin z]? =5 [sin v]; 
and the sum rule for the square bracket notation tells you that 

[sinz + cos z|? = [sin z| + [cos x] E 
'To see why these rules hold, you just need to use the definition of the 
square bracket notation. For example, 


[5sinz]? = 5sin2 — 5sin1 
= 5(sin 2 — sin 1) 


= 5[sinz]?. 
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Similarly, 


[sin £ + cos z|? = (sin 2 + cos 2) — (sin 1 + cos 1) 
= (sin 2 — sin 1) + (cos 2 — cos 1) 


= [sin z|? + [cos z|’. 


As always when a constant multiple rule and a sum rule hold, the sum rule 
for the square bracket notation also holds if you replace the plus sign on 
each side with a minus sign. To prove this, you combine the sum rule with 
the case k = —1 of the constant multiple rule. You saw this done for the 
constant multiple and sum rules for derivatives in Unit 6, Subsection 2.3. 


The next example illustrates how you can use the constant multiple rule 
and the sum rule for the square bracket notation when you're evaluating a 
definite integral. 


Example 6 Using the constant multiple rule and sum rule for the 
square bracket notation 


Evaluate the definite integral 


f^ + 2°) de. 


(It is shown in Figure 30.) 
Solution 


€. Use the fundamental theorem of calculus. £9 
2 
2 
| (1-- 23)dz = [2+ 424]; 


€ Use the sum rule. @ 
= [e]; + [324]; 


€, Use the constant multiple rule, and simplify the result. .£9 


= (2-1) +4(24-1') 
=1+4x15 


19 
T 


You can practise using the constant multiple rule and sum rule for the 
square bracket notation in the next activity. 


Figure 30 The definite 
integral in Example 6 
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Activity 11 Using the constant multiple rule and sum rule for the 
square bracket notation 


Evaluate the following definite integrals. (They're shown in Figure 31.) 
Give your answer to part (a) to three significant figures. 
1 


(a) [eras o f bindu 


1/2 


y 3/0 U^ 
20 mus y = u — 2u? 
15 i > 
10 -1 


5 4 
2 AG # i 


Figure 31 The definite integrals in Activity 11 


Note that when you're evaluating a definite integral it's sometimes more 
convenient not to use the constant multiple rule and/or the sum rule for 
the square bracket notation, even if there's an opportunity to use them. 
You can choose whether or not to use them, as seems convenient. 


A constant multiple rule and a sum rule also hold for definite integrals, as 


follows. 


Constant multiple rule and sum rule for definite integrals 


b b 
f l æde = Zi f(x)dx, where k is a constant 


/ (Ge) sven i EUM | oe 


These rules follow from the fundamental theorem of calculus and the 
constant multiple rule and sum rule for antiderivatives, which you met 

in Unit 7. To see this for the constant multiple rule, suppose that f is a 
continuous function whose domain contains the numbers a and b, and 

that kis a constant. Let F be an antiderivative of f. Then, by the constant 
multiple rule for antiderivatives, kF (x) is an antiderivative of k f (x). 
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Hence, by the fundamental theorem of calculus and the constant multiple 
rule for the square bracket notation, 


b b 
/ k f(x)dz = [k F(x); 


b 
a 


- f feyas 


You can prove the sum rule for definite integrals in a similar way. 


Remember that the sum rule for definite integrals also holds if you replace 
the plus sign on each side with a minus sign, because, as mentioned earlier, 
this is always the case when a constant multiple rule and a sum rule hold. 


'The constant multiple rule for definite integrals tells you that, for example, 
the area in Figure 32(b) is twice the area in Figure 32(a). 


YA YA y-—2sicx 


Figure 32 The area in (b) is twice the area in (a) 


Similarly, the sum rule for definite integrals tells you that, for example, the 
area in Figure 33(c) is the sum of the areas in Figure 33(a) and (b). 


yYy=r? +r 


Figure 33 The area in (c) is the sum of the areas in (a) and (b) 


The next example illustrates how you can use the constant multiple rule 
and the sum rule for definite integrals when you're evaluating a definite 
integral. 
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y—c--2smzr 


274 6 


Figure 34 The definite 
integral in Example 7 
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Example 7 Using the constant multiple rule and sum rule for 


definite integrals 


Evaluate the definite integral 


i (x + 2sin z) dz. 
0 


(It is shown in Figure 34.) 


Solution 


€. Use the fundamental theorem of calculus. Use the constant 
multiple rule and sum rule, for definite integrals and for the square 
bracket notation, as convenient. £9 


f (+2sina)ar= f zaz+ [ 2 sin z dg 
0 0 0 


Tv ^t 
=| zds +2 | sin z dx 
0 0 


NES 2|- cos x] 5 
"E 


alelo = 2[eos2] 
I 
2 
1 


You can practise using the constant multiple rule and sum rule for definite 
integrals in the next activity. 


Activity 12 Using the constant multiple rule and sum rule for 


definite integrals 


Evaluate the following definite integrals. (They are shown in Figure 35.) 


Give exact answers. 


m/4 


VT 
(a) f li dx (b) | (sin x + cos x) dz 
V3 —7/4 
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y y — sinz + coszc 


Figure 35 The definite integrals in Activity 12 


As with the sum rule and constant multiple rule for the square bracket 
notation, you can choose whether or not to use the sum rule and the 
constant multiple rule for definite integrals in your working, as seems 
convenient. Often it's more convenient not to use them, even if there's an 
opportunity to do so. 


In the next activity, you're asked to use the fundamental theorem of 
calculus to find the exact area of the cross-section of a roof that was 
discussed at the beginning of Subsection 1.1. 


Activity 13 Using the fundamental theorem for a practical problem 


'The curve of the roof of a building is given by the graph of the function 
f(x) =9— Ar’, 

where x and f(x) are measured in metres. Use the ideas that you've met 

in this section to find the area between this graph and the z-axis from 


x = —18 to zr = 18, as shown below. Hence state the area of the 
cross-section of the roof. 


You may remember that in Subsection 1.1 we used subintervals to work 
out that the area in Activity 13 is approximately 216 m?. The solution to 
Activity 13 confirms that the area is exactly 216 m?. 


Here's another practical example for you to try. In this example the graph 
lies below the z-axis, so the signed area that you'll obtain by using the 
fundamental theorem of calculus will be negative. You have to remove the 
minus sign to obtain the required area. 
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Activity 14 Solving another practical problem about area 


An engineer is planning the construction of an open channel with a 
parabolic cross-section, as illustrated below. The shape of the cross-section 
is given by the equation 


y = wx — 200 (—100 < x < 100), 


where x and y are measured in centimetres, as shown in the graph below. 


'The maximum height of liquid permissible in the channel is the height of 
the x-axis on the graph; that is, 200 cm above the lowest point of the 
channel. To ensure that the channel is adequate for the expected flow of 
liquid, the engineer needs to know the area shaded on the graph. 


(a) Find the z-intercepts of the graph. 


(b) Hence calculate the shaded area, to the nearest square centimetre. 
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The history of the fundamental theorem of calculus 


You've seen that the fundamental theorem of calculus relates rates of 
change — that is, gradients of tangents — to signed areas. 


One of the earliest mathematicians to relate the problem of 
calculating tangents to the problem of calculating areas was 

Isaac Barrow, the first Lucasian professor at the University of 
Cambridge. However, his method was presented in the geometrical 
style of the day and was not computationally useful for solving 
problems. Isaac Newton was one of Barrow's students, and in 1669 
Barrow resigned his professorship so that Newton could take it up. 


Newton based his definition of quadrature (determining area) on the 
idea that it is the converse of finding tangents. So what for some 
people was, and for modern-day mathematicians is, a theorem that 
finding areas and tangents are inverse processes — the fundamental 
theorem of calculus — was taken by Newton as the very definition of 
quadrature. Newton's way of regarding area questions as the opposite 
of tangency questions is set down clearly in his De analys of 1669. 


Gottfried Wilhelm Leibniz published his first accounts of differential 
and integral calculus in the newly founded journal Acta Eruditorum 
Lipsiensium (Acts of the scholars of Leipzig) in 1684 and 1686 
respectively, and his proof of the fundamental theorem of calculus 
followed in 1693. 


The first rigorous proof of the fundamental theorem of calculus was 
provided in the early decades of the 19th century by the French 
mathematician Augustin Louis Cauchy, who included it in his course 
at the École Polytechnique in Paris. Cauchy was one of the most 
productive and influential mathematicians of his generation. His 
reformulation of the foundations of calculus, while very thorough, was 
also very hard to understand — so much so that not only his students 
but also his fellow professors protested! 


Augustin Louis Cauchy 
(1789-1857) 
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2.3 Using the fundamental theorem to find 
changes in the values of antiderivatives 


'The fundamental theorem of calculus isn't useful just for solving problems 
related to finding areas. It's also useful for solving problems involving rates 
of change. 


As you saw in Subsection 5.3 of Unit 7, in integral calculus you often want 
to solve problems of the following type. You have a continuous function f, 
and two numbers a and b in its domain, and you want to work out the 
amount by which an antiderivative of f changes from « = a to x = b. 
(Remember that all the antiderivatives of f change by the same amount.) 


If you can find a formula for an antiderivative F of f, then it's 
straightforward to do this: you just calculate F(b) — F(a). You saw 
examples like this in Unit 7. 


If you can't find a formula for an antiderivative, then you can use the 
fundamental theorem of calculus to help you find an approximate answer. 
The theorem tells you that, for any antiderivative F of f, 


b 
F(b) — F(a) -[ f(x) dz. 


So the answer that you want is equal to the signed area between the graph 
of f and the z-axis, from x = a to x = b. You can use the method that you 
met in Subsection 1.1 to find an approximate value for this signed area. 
You would normally do that by using a computer, as mentioned earlier. 


For example, suppose that you have a velocity-time graph for an object 
moving along a straight line, such as the graph in Example 8 below. Since 
displacement is an antiderivative of velocity, the fundamental theorem of 
calculus tells you that the change in the displacement of the object, from 
any point in time to any other point in time, is equal to the signed area 
between the graph and the time axis, from the first point in time to the 
second point in time. This fact is used in Example 8. 


As with any graph, the units for signed area on a velocity-time graph are 
the units on the vertical axis times the units on the horizontal axis. So, for 
example, the units for signed area on the graph in Example 8 are 

ms !xs- m; 


that is, metres. These are units for displacement, as you'd expect. 


Example 8 Using the fundamental theorem of calculus for a 
velocity-time graph 

The graph below is the velocity—time graph of an object moving along 
a straight line. The areas (in m) of some regions are marked on the 
graph. 


2 The fundamental theorem of calculus 


In each of parts (a) to (c), use the given areas to find the amount by 
which the displacement of the object changes from the first time to 
the second time. 


(a) Prom v =Q tot = 4 (b) Erom y = 4 wo t = 10. 
(e Prom tor = 10: 


3 


time, t (seconds) 


velocity, v (ms 


Solution 
(a) The change in displacement from t = 0 to t = 4 is 9m. 
(b) The change in displacement from t = 4 to t = 10 is —7 m. 


(c) The change in displacement from t — 0 to t — 10 is 
9m 4 (-7) m — 2m. 


Notice that the velocity of the object in Example 8 changes from positive 
to negative at time t = 4. That is, at this time the object changes from 
moving in the positive direction to moving in the negative direction, as 
illustrated in Figure 36. The negative displacement that occurs after this 
time cancels out most of the positive displacement that occurred initially. 
Since the object was displaced by 9 m in the positive direction, and then 
by 7 m in the negative direction, its final displacement from its starting 
position is 2m, as found in Example 8(c). The object travels a total 
distance of 9m + 7 m = 16 m during the 10 seconds of its motion. 


= (1 NEUE ur uc ca c en MET oU 


initial position position 
position after 10 after 4 
seconds seconds 


Figure 36 The object in Example 8 starts moving in the positive 
direction, then turns and moves in the negative direction 
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Activity 15 Using the fundamental theorem of calculus for a 
velocity-time graph 


The velocity-time graph of an object moving along a straight line is shown 
below. The areas of some regions are marked on the graph. Use these 
areas to find the answers in parts (a) to (c) below. 


time, t (seconds) 


= 8420555 6 


velocity, v (cm s^) 


(a) In each of parts (i) to (iv), find the amount by which the displacement 
of the object changes from the first time to the second time. 
(i) From t= 0 40 4 = T. (i) Prom 3 to t = 4. 
(iii) From t = 0 to t = 3. (iv) From t = 3 to t = 6. 

(b) What is the displacement of the object from its starting position at 
each of the following times? 
(i) t=2 (ii) t=6 


(c) What is the total distance travelled by the object during the 6 seconds 
of its motion? 


If you want to solve a problem that involves finding a change in the value 
of an antiderivative, and you can find a formula for an antiderivative, then 
it’s usually convenient to use the notation for a definite integral, and the 
square bracket notation, in your working. Here’s Example 22 from 
Subsection 5.3 of Unit 7 again, but with the working carried out using this 
notation. 
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Example 9 Finding a change in the value of an antiderivative 


Suppose that the rate of change of a quantity is given by the function 
dy iz? (x > 0), as shown in Figure 37. By what amount does the 
quantity change from x = 3 to x = 6? 


Solution 


The change in the quantity from z = 3 to x = 6 is 


2 ks 
= le"); Z 
= i06 TA 32) 
zs 5 x 189 Figure N The graph of 
3 y = gz^ (x > 0) 

1216: 


In the next activity, you’re asked to repeat Activity 36 from Subsection 5.3 
of Unit 7, but using the notation for a definite integral. 


Activity 16 Finding a change in displacement 


Suppose that an object moves along a straight line, and its velocity v 
(in ms~') at time t (in seconds) is given by v = 3 — $t (0 < t < 6) 
(as shown in Figure 38). 

(a) Write down a definite integral that gives the change in the 


displacement of the object from time t = 0 to time t = 1. Evaluate it, 
and hence state how far the object travels in that time. 


velocity, v (m s^!) 


(b) Repeat part (a), but from time t — 4 to time t — 5. 


'Iry using the notation for a definite integral to solve the problem in the 
next activity. 


Figure 38 The graph of 
v=3- št (0<t <6) 
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w 
T 


velocity, v (m s^!) 


T T T > 


IOE 
time, t (seconds) 


Figure 39 The graph of 
v —28-— Tt (0<t< 4) 


velocity, v (m s^!) 


T T T 2 


T2 3 545 
time, t (seconds) 


Figure 40 The graph of 
gea queres) 
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Activity 17 Finding another change in displacement 


The driver of a car travelling at 28 ms^! along a straight road applies the 
brakes. It takes four seconds for the car to stop, and its decreasing 
velocity v (in m s^!) during that time is given by the equation 


v = 28 — Tt, 


where t is the time in seconds since the brakes were applied (as shown in 
Figure 39). How far does the car travel during those four seconds? 


In this subsection you've seen examples of the following two useful facts. 


For the velocity-time graph of any object, and for any two points in 
time t = a and t = b in the time period covered by the graph, the 
following hold. 


e The change in the displacement of the object from t = a tot = b 
is the total signed. area between the graph and the time axis from 
L=atot=6. 


e The total distance travelled by the object from t = a to t = b is 
the total area between the graph and the time axis from t = a to 
t = b (this applies when a < b). 


Note that if a graph is a straight line, or consists of several line segments, 
then integration may not be the easiest way to work out an area or a 
signed area between the graph and the horizontal axis. For example, you 
can work out the area shaded in Figure 39 by using the formula for the 
area of a triangle, as shown at the end of the solution to Activity 17. Try 
using a similar geometric method in the next activity, which is a repeat of 
Example 23 in Unit 7. 


Activity 18 Finding yet another change in displacement 


Suppose that a car begins to move along a straight road, and its velocity v 
(in m s^!) during the first five seconds of its journey is given by the 
equation 


v = 3t, 


where ¢ is the time in seconds since it began moving, as shown in 
Figure 40. How far does the car travel from the end of the fourth second to 
the end of the fifth second? 


2 The fundamental theorem of calculus 


2.4 Notation for indefinite integrals 


Until now, when we've been working with antiderivatives and indefinite 
integrals, we've been using a lower-case letter, such as f, to denote the 
function that we start with, and the corresponding upper-case letter, such 
as F, to denote any of its antiderivatives, or its indefinite integral. 
For example, some antiderivatives of the function f(a) = x? are 

Faye i2), F(z) = i? +7, and F(x)= ir? -$ 
and the indefinite integral of this function f is 

Pise ia? +c. 
However, there’s a standard notation for indefinite integrals, which arises 
from the link between antiderivatives and definite integrals. For any 
function f that has an antiderivative, the indefinite integral of f(x) is 
denoted by 


/ f(a) dz. 


(This notation is read as ‘the integral of f of x, d x’.) 


For example, 
peu = iz? +c, 
and similarly 
E — — cosac - c. 


(You saw in Unit 7 that the indefinite integral of sin x is — cos x + c.) 


Note that this notation is used only for indefinite integrals — it/s never used 
for antiderivatives. So it's important to remember the following fact. 


If an equation has the notation f ...dx on one side only, then there 
must be an arbitrary constant on the other side. 


For example, the equation 


fe dx = i2? 


is incorrect. The correct equation is 
[eu = iz? +c, 
as you saw above. 


We'll continue to use the capital letter notation for antiderivatives, when 
it’s convenient to do so. 
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'The notation for indefinite integrals introduced above, and the similar 
notation for definite integrals, are together known as integral notation. 
We refer to either an indefinite integral or a definite integral as an 
integral. In the indefinite integral 


] tear, 


the expression f(x) is called the integrand, just as in a definite integral. 


The next example illustrates how integral notation is used for indefinite 
integrals in practice. It's similar to the examples and activities on finding 
indefinite integrals in the second half of Unit 7, except that it uses integral 
notation. 


Example 10 Finding indefinite integrals, using integral notation 


Find the following indefinite integrals. 


(a) [szar (b) |= a 


Solution 


(a) ®. The indefinite integral of sec? x is given in the table of 
standard indefinite integrals, so you can simply write it down. © 


nm = tang +c 
(b) & . Manipulate the integrand to get it into a form that allows you 


to use the constant multiple rule and sum rule for antiderivatives, 
together with standard indefinite integrals. £9 


fusum 
EE 


=x — 5ln|z| +c 


152 


2 The fundamental theorem of calculus 


You can practise using integral notation for indefinite integrals in the 
following activity. Don't forget to add the ‘+c’ in each part. 


Activity 19 Finding indefinite integrals, using integral notation 


Find the following indefinite integrals. 


(dj fea (b) [6536-24 (c) [ae 
(d) nts (e) ] (f) ] e 


1 142? 
(g) ] xim (h) [Gee 


Since an indefinite integral is just an antiderivative with an arbitrary 
constant added on, the constant multiple rule and sum rule for 
antiderivatives, from Unit 7, can be written in terms of indefinite integrals. 
These forms of the rules are stated in the following box, in integral 
notation. 


Constant multiple rule and sum rule for indefinite integrals 


frr dr = k f f) dz, where k is a constant 


[ 9 +o) ax = f foyer | g(a) ae 
As with the other constant multiple rules and sum rules, you can choose 
whether or not to use these rules in your working, as seems convenient. 


The next example repeats Example 10(b), but uses the constant multiple 
rule and sum rule for indefinite integrals in the forms stated above. 
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Here's something to notice about Example 11. You might have thought 
that each of the two indefinite integrals in the second line of the working 
should have been replaced by an expression containing an arbitrary 
constant. That would lead to a solution something like this: 


[a= [ (1-2) dx 
x x 
1 
SEE 
g 


= (x + c) — 5(In|z| + d) 
=x — 5ln |z| - c — 5d, 
where c and d are arbitrary constants. 


However, since the arbitrary constants c and d can take any value, the 
expression c — 5d can also take any value, so we may as well replace it by a 
single letter that can take any value. It's convenient to use the usual 
letter, c. In general, if an expression consists of a sum of constant multiples 
of indefinite integrals, then it needs only a single arbitrary constant. 


You can practise using the constant multiple rule and sum rule for 
indefinite integrals in the next activity. 


Activity 20 Using the constant multiple rule and sum rule for 
indefinite integrals 


Find the following indefinite integrals. 


(8j I (5 : E (b) I C SO ER 


r 1+2 


You’ve now reached the end of the material in this module that tells you 
what integration is all about. In the rest of this unit you'll concentrate on 
actually finding indefinite and definite integrals. 


Before you go on to that, you might like to watch the 25-minute video 
The birth of calculus, which is available on the module website. It tells you 
more about the history of the development of calculus. 


3 Integration by substitution 


'To allow you to fully exploit all the ideas about integration that you've 
met, it's important that you're able to find formulas for the indefinite 
integrals of as wide a range of functions as possible. In the rest of this 
unit, you'll learn to integrate a much wider variety of functions than you 
learned to integrate in Unit 7. In the final subsection of the unit, you'll 
learn how to use the module computer algebra system to find indefinite 
and definite integrals. 


Unfortunately, as mentioned in Unit 7, it's generally more tricky to 
integrate functions than it is to differentiate them. That’s because there 
are no rules for antiderivatives that are similar to the product, quotient 
and chain rules for derivatives, so you can't usually integrate functions in 
the systematic way that you can differentiate them. 


However, there are still many useful techniques that you can use to 
integrate functions. Each of these techniques applies to functions with 
particular characteristics. You'll meet some of these techniques in the rest 
of this unit. You'll learn how to recognise functions to which each 
technique can be applied, and how to use the techniques. 


The technique that you'll learn in this section is integration by substitution. 
'This technique might seem quite complicated when you first meet it, but 
you should find it more straightforward once you've had some practice 
with it. If you find it difficult, then make sure that you watch the tutorial 
clips, and try some extra practice. Remember that there are more practice 
exercises in the practice quiz and exercise booklet for this unit. 
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3.1 Basic integration by substitution 


Integration by substitution is based on reversing the chain rule for 
differentiation. 


Consider what happens when you differentiate an expression by using the 
chain rule. Remember that you start by recognising that the expression is 
a function of ‘something’. You differentiate the expression with respect to 
the ‘something’, then you multiply the result by the derivative of the 
‘something’ with respect to the input variable (usually x). For example, by 
the chain rule, 


d ,. 
dz (sin(z?)) = (cos(z?)) (2x). 


Since differentiation is the reverse of integration, this equation tells you 
that 


7 (cos(z?)) (2x) dz = sin(z?) + c. 
Whenever you differentiate an expression by using the chain rule, you 
always obtain an expression of the form 

f (something) x the derivative of the something, 


where f is a function that you can integrate. T'he essential idea of 
integration by substitution is to recognise an expression that you want to 
integrate as having this form, and then perform the integration by 
reversing the chain rule. 


To help you reverse the chain rule, it’s helpful to denote the ‘something’ by 
an extra variable, in the way that you did when you first learned to use the 
chain rule in Unit 7. The usual choice of letter for the extra variable is u. 


Here's how you can use this method to find the integral 


[cose (22) dz, 
if you hadn't first seen the integrand obtained as an ‘output’ of the chain 
rule. 
The first step is to recognise that the integrand has the form 

f (something) x the derivative of the something, 
where f is a function that you can integrate. You can see that it does, 
since it is 

cos(something) x the derivative of the something, 

2 


where the ‘something’ is z^. 


Then, since the ‘something’ is z?, you put u = z?. This gives du/dz = 2z. 
Hence, in the integral you can replace cos(z?) by cos u, and 2x by du/dz, 
to give 


fost) = d 


Now here's the crucial step that you need to apply at this stage. Any 
integral of the form 


[rw T da 


is equal to the simpler integral 


f tiia 


This is the step that uses the chain rule, and you'll see an explanation of 
why it’s correct later in this subsection. Notice that it's easy to remember, 
because it looks like we've simply cancelled a ‘dx’ in a denominator with a 
‘dx’ in a numerator. (Of course that's not what we've done, since du/dx 
isn't a fraction.) 


So the integral that we're trying to find here can be expressed in terms 
of u as the simpler integral 


f cos u du, 


where u = z?. You can now do the integration, which gives 
sin u 4 c. 


The final step is to express this answer in terms of x, using the fact that 
u = x°. This gives the final answer 


sin(z?) + c. 


So we've now worked out that 
f (cos(a?)) (2x) dz = sin(z?) + c, 
as expected. 


Here’s a summary of the method used above, which is the method known 
as integration by substitution. 


Integration by substitution 
1. Recognise that the integrand is of the form 
f (something) x the derivative of the something, 


where f is a function that you can integrate. 
2. Set the something equal to u, and find du/dz. 


3. Hence write the integral in the form 
] (eos 
d 
by using the fact that EO T dr = EO du. 


4. Do the integration. 


5. Substitute back for u in terms of x. 
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As illustrated by the example above, the effect of substituting the 
variable u in place of the ‘something’ in the integral is to reduce the 
integral to a simpler integral in terms of u, which you may be able to find 
more easily. 


You'll see another example of integration by substitution shortly, and 
you'll then have a chance to try it for yourself, but first it's useful for you 
to learn about a convenient way to carry out step 3 of the method. 


Consider once more the integral above: 
c» (22) dar; 


Remember that we put u = z?, which gave du/dx = 2x, and this allowed 
us to write the integral in terms of u as 


f cos u du. 


It’s convenient to think of this new form of the integral as being obtained 
from the original form by making two replacements, as shown below: 


J eos (2r) dz. 
—— ~ 


cosu du 


It’s straightforward to work out that you can replace cos(x?) by cos u, as 


that just comes from the equation u = z?. 


A helpful way to work out that you can replace (2x) dx by du is to imagine 
‘cross-multiplying’ in the equation 


du 
D Em 
dz ms 
to obtain 
du = (2x) dz. 


This isn't a real equation, of course, since du and dx don’t have 
independent meanings outside the notation for a derivative or integral. 
But it tells you immediately that you can replace (2x) dx by du. (In fact, 
it’s possible to attach a meaning to du and dz, and hence to the equation 
above, but this is outside the scope of this module.) 


Here’s another example of integration by substitution, which illustrates all 
the ideas above. 


Example 12 Integrating by substitution 
Find the integral 


| en? sec? xdr. 


Solution 

€, Since the derivative of tan x is sec? x, the integrand is of the form 
esomething x the derivative of the something. 

So set the something equal to u. £9 


du 
Let u = tan z; then — = sec? z. 


dx 


€. Imagine ‘cross-multiplying’ in the second equation to obtain 
du = (sec? x) dy. f& 


So 


| en? sec? x dr = he du 


€&. Do the integration. © 
—e Te 
Q Substitute back for u in terms of z. ® 


= etane ae 


Here are some examples for you to try. Make sure that you have your 
Handbook to hand, so you can consult the tables of standard derivatives 
and standard integrals. 


Activity 21 Integrating by substitution 


Find the following indefinite integrals. 


(a) f c5) dx (b) f (ine) (32?) da 


(c) ESSE (d) I (a) m 
(e) f Derer 6 / (ui) cns 


In the examples that you've seen so far, it’s been fairly straightforward to 
decide what the ‘something’ should be, so that the integrand is of the form 


f (something) x the derivative of the something. 


However, sometimes you need to think about this more carefully, as 
illustrated in the next example. 
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Example 13 Choosing the ‘something’ when you integrate by 
substitution 
Find the integral 


| Gare) 
————— | coszdz. 
2+sinx 


Solution 
€. The integrand is of the form 
i 
L——— — — —— x the derivative of the something, 
2 + something 


where the something is sin x. 


It's also of the form 
il 
— —— ———— x the derivative of the something, 
something 


where the something is 2 + sin z. 


Choosing the first option would lead to the first part of the integrand 
being replaced by 1/(2 4- u), which isn't straightforward to integrate. 
Choosing the second option would lead to the first part of the 
integrand being replaced by 1/u, which you can integrate using a 
result from the table of standard integrals. 


So choose the second option: take the something to be 2 + sin z, and 
set it equal to u. & 


d 
Let u = 2 + sin z; then i = (OE. 
df 


€. Imagine ‘cross-multiplying’ to obtain du = cos z dx. ® 


So 


1 
I) cosadz | Zau 
2 +sing u 


— In |u| +c 
= In|2 - sinz| +c 


€ In the particular case here you can remove the modulus signs, 
since 2 + sin z is always positive. © 


= In(2 + sin z) + c. 


In each part of the next activity it’s useful to take the ‘something’ to be an 
expression that includes a constant term, in a similar way to Example 13. 


Activity 22 Choosing the 'something' when you integrate by 
substitution 


Find the following indefinite integrals. 


(a) Je + cosx)"(—sinx) dz (b) f yV 1+ z? (2x) dx 


(c) f (o® —8)!(504)dx (d) f (==) ids 
(e) / (sin(5 + 223) (622) da 


In the next activity, some of the integrals are similar to those in 

Activity 22, whereas others are similar to those in Activity 21. You have 
to decide in each case what the ‘something’ should be. Remember that the 
idea is that when you replace the something by u in the first part of the 
integrand, you obtain an expression in u that you can integrate. 


Activity 23 Choosing the ‘something’ when you integrate by 
substitution 


Find the following indefinite integrals. 


(a) i ies) ede W f el+sin2 (695) dz 


(c) f (zs) (1029)de ^ (d) / (ind aa da 


Finally in this subsection, as promised near the start, here's an 
explanation of why 


[to Zar f reas. 


where the variable u is a function of x, and f is a function that you can 
integrate. To justify this, we let F be an antiderivative of f, and apply the 
chain rule to F(u). This gives 


= (Fw) =F) S. 


It follows from this equation that 


[tw M dp Way 


T 


However, because F is an antiderivative of f, we also have 


fiou Fe 


Comparing the final two equations above proves the result. 
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3.2 Integration by substitution in practice 


Usually when you have an integrand that you can integrate by 
substitution, it won't initially be exactly in the form 


f (something) x the derivative of the something. 


You have to start by recognising that it can be rearranged into this form, 
then rearrange it accordingly. Here are two examples that illustrate some 
things that you can do. 


Example 14  Rearranging an integral before using substitution 


Find the integral 


fe cos(e”) da. 


Solution 


€. The derivative of e” is e”, so the integrand is in the required form, 
except that the two factors cos(e”) and e” are in the ‘wrong’ order. If 
you swap them, then the integrand will be exactly in the required 
form. £9 

du - 


life qms nsn -—e. 
dr 


€&. Imagine ‘cross-multiplying’ to obtain du = e” dz. Then start by 
swapping the two factors in the integrand. © 


So 
fe cos(e”) dz = J ese» eda: 


= n 


= sin(u) 4- c 
= sin(e”) + c. 


3 Integration by substitution 


Example 15 — Rearranging another integral before using substitution A 
Find the integral — 


"Es (1 + z3)? da. 
Solution 


€. The derivative of 1 + x? is 3z?, which is ‘nearly’ x? (it just has the 
wrong coefficient). So if you swap the order of the two factors z? and 
(1 4- z3), then the integrand will be nearly in the required form. ©& 


d 
Let u-1-Fz?; then eeu 
dg 


€. Imagine ‘cross-multiplying’ to obtain du = 3x? dx. Then start by 
swapping the two factors in the integrand. © 


So 
E Ge = f Gas 


€. The only problem is that in place of x? you need 32?. To achieve 
this, multiply by 3 inside the integral, and divide by 3 outside, to 
compensate. (The constant multiple rule for indefinite integrals tells 
you that it’s okay to do this.) @ 


= 2 (14 zy (32?) dx 


®. Now do the substitution. £9 


IT 


o 
2 
= pu’ TE 


= oci» +c. 


Here’s something to notice about Example 15. You might have thought 
that when Ms uide f u? du in the fourth-last line of the solution was 
replaced by $ lu? +c, the solution should have proceeded like this: 


= Tp 
(su +¢) 


1 
3 
= du 
= şu d 
5 
27 
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However, since the arbitrary constant c can take any value, the expression 
$C can also take any value, so we may as well replace it by a single letter 
that can take any value. It’s convenient to use the usual letter, c. 


This sort of thing occurs frequently when you integrate. You never need to 
multiply or divide a term that is an arbitrary constant by a number — you 
just replace it by another arbitrary constant, and you usually use the 
standard letter, c. 


Another point to remember from the working in Example 15 is the 
strategy of multiplying by a constant inside an integral, and dividing by 
the same constant outside to compensate. It’s often helpful to do this 
when you use integration by substitution. It’s okay to do it because the 
constant multiple rule for indefinite integrals tells you that for any 
function f that has an antiderivative, and any non-zero constant k, 


ni dz = f sero) dpe =f REC) ds. 


Remember that the constant k can be either positive or negative. In 
particular, it can be —1. 


Remember too that k must be a constant. You can't do the same thing 
with an expression in zr. 


Here are some examples for you to try. 


Activity 24 — Rearranging integrals before using substitution 


Find the following integrals. 


(a) fe cos(z?) dx (b) n 1c z?dx (c) nz rsinzdr 


'The next example illustrates another way in which you can sometimes 
rearrange an integrand to get it into the right form for integration by 
substitution. 


Solution 


€, The derivative of the denominator 1 — x? is —2z, which is ‘nearly’ 
the numerator x (it just has the wrong coefficient). So if you split the 
numerator from the rest of the fraction, then the integrand will be 
nearly in the required form. © 


d 
Deru e then B —22. 
da 


€. Imagine ‘cross-multiplying’ to obtain du = —2z dz. Then start by 
splitting the numerator from the rest of the fraction in the 
integrand. £9 


So 


£ 1 
[ica - f (ee) 


@. The only problem is that in place of x you need —2z. To achieve 
this, multiply by —2 inside the integral, and divide by —2 outside to 


compensate. ©& 
1 
1 
x -4f (s 3) (-22) de 


€. Now do the substitution. £9 


ll 
=-i [| -du 

u 
= -ihju|-c 
ms 


The type of integral in Example 16 occurs quite frequently, so it’s worth 
learning to recognise it. You can use integration by substitution to find 
any integral of the form 

/ the derivative of the something 


dz, 
something 


Or 
f the derivative of the something 


- dz, where n is a constant. 
(something)” 


The constant n can be any nonzero real number. Here are some integrals 
of this type for you to find. 
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Activity 25 Rearranging more integrals before using substitution 


Find the following integrals. 


(a) | (b) lore (c) | ue 


Here are three more integrals for you to find by using substitution. 
They’re a mixture of the types in Activities 24 and 25. 


Activity 26 Rearranging even more integrals before using 
substitution 


Find the following integrals. 


(a) fe singar (b) f dr (c) [0 bay cos x dx 


3 — e* 


You can use integration by substitution to find the indefinite integral of 
the tangent function. You're asked to do that in the next activity. 


Activity 27 Finding the indefinite integral of tan 


By writing 


and using integration by substitution, find 


f tan zdz. 


Remember that when you've found an indefinite integral, you can always 
check your answer by differentiating it. This can be particularly helpful 
when you found the integral by using integration by substitution. 


3.3 Integrating functions of linear expressions 


'This subsection is about a particular type of integral that occurs 
frequently, and which you can find by using integration by substitution. 


The integrals 


: 1 —9x 
[sux — 2) dz, lx dz, and fe dz 


all have integrands of the form f(ax +b), where f is a function, and 
a and b are constants with a Z 0. In other words, each of the integrands is 
of the form f(a linear expression in z). 


You can always find an integral of this form by using integration by 
substitution, provided that you can integrate the function f. Here's an 
example. 


Example 17  /ntegrating a function of a linear expression 
Find the integral 


] 36 — 2) dz. 
Solution 


€, The derivative of 5x — 2 is 5, so the integral will be in the required 
form if you rearrange it to obtain 5 inside. £9 


Let u = 5x — 2; then ud So 
dx 


n -2)dz- i [sux = 2) x b dz 


= TEE x 5dz 


= l fsmudu 


= —$icosu-dc 


= —icos(bz — 2) + c. 


3 
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Here are some similar integrals for you to find. 


Activity 28 Integrating functions of linear expressions 


(c) feas 
ofz 


d w f dog (i) f see de 


Find the following integrals. 


(8j T olde (b) J anaa 
(a) I Ha, 4S f sca Wade 


1 
© J aem 


dx 
c 


'The next example uses exactly the same ideas as Example 17 and 
Activity 28, but is a little more complicated. 


Example 18  /ntegrating another function of a linear expression 


Find the integral 


i 
eee 
] ^ 


Solution 


@. You can write the integrand as which is of the 


il 
1+ (32)?' 


form f (3x) where f(x) = . The integral of this function f is a 


1+ 2x? 
standard integral. Since the derivative of 3x is 3, you need to 
rearrange the given integral to obtain 3 inside. £9 


d 
Let u = 3x; then LE 


To So 
il 1 
— da 
| isa ] im TUE 
= i| a z X 3dz 
=: | 
3 m 

— itan^ tute 
= } tan !(3z) 4 c. 


Here are some similar integrals for you to find. 


Activity 29 Integrating more functions of linear expressions 


Find the following integrals. 


(a) | zm (b) ] ce (c) ] ze 


Hint for part (c): start by writing 


1 Do 01 
4-93 4" 14 9a?" 


The answers to Activities 28 and 29 all follow the same general pattern, as 
follows. Suppose that you have an integral of the form 


CEU du 


where a and b are constants with a Æ 0, and you know an antiderivative F 
of the function f. To find the integral by substitution, you put u = ax + b, 


which gives “ =a. Then 


[tart oae== f flax +dyade 

== feoda 
* F(u) +e 

= - Ffas +b) +c. 


So we have the following general fact. 


Indefinite integral of a function of a linear expression 


If f is a function with antiderivative F', and a and b are constants 
with a Æ 0, then 


| flax +d)dr = Flav +b) +e. 


It’s worth remembering this fact, and using it to deal with integrals where 
the integrand is a simple function of a linear expression, rather than using 
integration by substitution every time. For example, the fact above tells 
you immediately that 


[costae — 2) dx = isin(3x — 2) + c. 
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The following special case of the fact in the box above is useful especially 
often. 


Indefinite integral of a function of a multiple of the variable 


If f is a function with antiderivative F, and a is a non-zero constant, 
then 


f tax) do “F (ax) qe 


For example, 


fJ dz = —je 7" +c. 


Try using the facts in the boxes above in the following activity. 


Activity 30  /ntegrating functions of linear expressions efficiently 


Find the following integrals. 


(a) T aide (6) f mode © / EMT 


(d) I cos(10)d8 W / oP dp (f) f — Qd 
(g) f dr (h) j weenie D f sin(32) dz 


'The next example is of a type that you met in Unit 7, but it involves a 
function that you've learned how to integrate in this section. 
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Example 19  /ntegrating in a practical situation 


The velocity of an object moving along a straight line is given by the 
equation 

q 5 sin (3t — D) 
where t is the time in seconds since the object began moving, and v is 
the velocity of the object, in ms~!. The displacement of the object at 
Ume d = ts Sn. 


Find an equation for the displacement s (in metres) of the object, in 
terms of t. Give the constant term to two decimal places. 


Solution 
€ Use the fact that displacement is an antiderivative of velocity. ® 


The velocity v (in ms~‘) of the object at time t (in seconds) is given 
by 

v = isin(3t — 2). 
Hence the displacement s (in m) of the object at time t (in seconds) is 
given by 


s= f asm t -2 dt 
= : x gi C e (8 - 3) TE 
= —i cos (3t = 2) 4r 6; 
where c is an arbitrary constant. 
€ Use information given in the question to find the value of c. £9 
When t = 0, s = 3. Hence 
3— —icos(x0—-2) +c 
3 = —4 cos(—2) + c 
c=3+ $ cos(—2) 
C= oar - cos 2 
E= 2 860/00 2:d-p. 
So the equation for the displacement of the object in terms of time is 


s = —$ cos (3t — 2) + 2.86. 
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Activity 31  /ntegrating in a practical example 
The velocity of an object moving along a straight line is given by the 
equation 
vU = 2cos (3t 4- 5) ] 


where t is the time in seconds since the object began moving, and v is the 
velocity of the object, in ms~!. The displacement of the object at time 
t—0is4m. 


(a) Find an equation for the displacement s (in metres) of the object, in 
terms of t. Give the constant term to two decimal places. 


(b) Find the displacement of the object at time t = 10. Give your answer 
in metres to two significant figures. 


3.4 Integration by substitution for definite integrals 


Once you've used integration by substitution to find an indefinite integral, 
you can find any definite integral with the same integrand by using the 
fundamental theorem of calculus in the usual way. Here's an example. 


Figure 41 The definite 
integral in Example 20 
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3 Integration by substitution 


€&. Apply the fundamental theorem of calculus. © 


Hence 
37/2 
i i 37/2 
i eC oedh = |e. | P 
1/2 
= ein (37/2) = esin(7/2) 
atl 
1 
=--e 
€ 


—2.35 (to 3 s.£.). 


An alternative way to use integration by substitution to evaluate a definite 
integral is to work with the definite integral from the start, rather than 
first finding an indefinite integral. If you do this, then because the limits of 
integration are values of x, when you change the variable from x to u you 
must also change the limits of integration to the corresponding values of u. 


This method is demonstrated in the next example. The definite integral in 
this example is the same as the one in Example 20. 


Example 21 Evaluating a definite integral by substitution (second » 
method) — 


Evaluate the definite integral 


37/2 . 
| e * cosq dz. 
1/2 

Give your answer to three significant figures. 


Solution 
€ Use integration by substitution. £9 


du 
Let u = sin xz, then — = cos x. 


dx 


€. Find the values of u that correspond to the values of x that are 
the limits of integration. .£9 


T 
Putting x = 7/2 into u — sinx gives u = sin (z) zm 


3 
Putting xz = 37/2 into u = sing gives u = sin (2) =-1, 
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You can try using this method in the next activity. 


Activity 32 Evaluating definite integrals by substitution 


Evaluate the following definite integrals. Give your answers to three 
significant figures. 


T 


! 0 
(a) n 1138 dz (b) J cos? z sin z da (c) i gg m E 


3.5 Finding more complicated integrals by 
substitution 


You can sometimes use integration by substitution to find an integral even 
if the integrand isn't obviously of the form 


f (something) x the derivative of the something. 


In this subsection, you'll see some examples where the integrand is nearly 
of this form, except that it also contains a further factor, which is an 
expression in z. If you can express this further factor in terms of the 
variable u that you use for the substitution, then you may be able to 
simplify the integrand into a form that you can integrate. Here's an 
example. 


3 Integration by substitution 


Example 22 Expressing a further factor in terms of u when A 
integrating by substitution — 


Find the integral 


fe Fee yale 


Solution 
€. If the integral were just 


nz 1)? dz, 


then we could use the substitution u = 3x + 1, and find the integral 
by first writing it as 


ZI xe olo 


However, the integrand contains a further factor, x + 1. Try using the 
substitution, expressing the further factor x + 1 in terms of u. ® 


d 
Let -—3z-41. Then Eu E 
dx 


Also, rearranging the equation u = 3x + 1 gives 


u = 3x +1 
3r =u— 1 


[6*8 yrds = [G9 G2 e 1) x 3dr 
=} f 4+2 du 
=} f (o mau 


= p fem + 20°) du 
= fhe! 42x d?) ec 
= du + dul +e 


= d; (3x + 1)!! + Br x 1)? +e. 
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Here are two similar integrals for you to try. 


Activity 33  Expressing further factors in terms of u 


Use integration by substitution to find the following indefinite integrals. 
2 


(a) ] ica (b) | ez 


You'll learn more about integration by substitution in the module MST125 
Essential mathematics 2, if it's in your study programme. 


4 Integration by parts 


In this section you'll meet another integration technique, integration by 
parts. Like integration by substitution, this technique is useful for 
integrating functions that have certain characteristics. It's based on the 
product rule for differentiation. 


4.1 Basic integration by parts 


Suppose that f and g are functions, and that the function G is an 
antiderivative of the function g. Consider the equation that you obtain 
when you use the product rule to differentiate the product f(x)G(z): 


= WG) = 16) (Fee) +6) (Fe), 


that is, 

d 

az V6) = Fe) g(x) + G(x) f'(x). 
If you swap the order of G(x) and f'(x) in the final term, and subtract this 
term from both sides of the equation, then you obtain 

d 

az V )G(2)) - f'()G() = Fle) 9(@). 


Swapping the sides of this equation gives 


f(x) == (f(a)G(a)) - f'()8(). 


~ dr 


If you now integrate both sides of this equation with respect to x, then you 
obtain 


/ f(x)g(z) de = f(z)G(z) — I Pwede 


There’s no need to add an explicit arbitrary constant here, because it’s 
included in the integral f f(z)g(x) dx on the left-hand side, and in the 
integral f f’(x)G(x) dz on the right-hand side. 


'The formula above is known as the integration by parts formula. It's 
stated again in the box below, for easy reference. If you've met it before, 
then you may have seen it stated in a different form. This is explained at 
the end of this section. 


Integration by parts formula (Lagrange notation) 


| f(x)g(x) dx = f(z)G(x) — / f'(z)G(a) dz. 


Here G is an antiderivative of g. 


The integration by parts formula is useful for integrating some products of 
the form f(x)g(r). You can see that it changes the problem of integrating 
f(x)g(x) into the problem of integrating f'(z)G(r), where G is an 
antiderivative of g. 


So it’s useful for integrating products of the form f(x)g(x) that have the 
following characteristics. 


e You can find an antiderivative G of g; in other words, you can 
integrate the expression g(x). 


e The product f'(r)G(x) is easier to integrate than the product 
f(x)g(x). For example, this may be the case if f'(x) is simpler than 
f(z). 

When we integrate by using the integration by parts formula, we say that 

we're integrating by parts. Here's an example. 
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(» Example 23  /ntegrating by parts 
Find the integral n FESO GP CER. 


Solution 


€, The integrand is a product of two expressions, x and sin z. You 
can integrate the second expression, sin x, and differentiating the first 
expression, x, makes it simpler. So try integration by parts. ® 


het ji) eer eml glr) = Sia 
Then f'(x) = 1, and an antiderivative of g(x) is G(x) = — cos x. 


So the integration by parts formula gives 


J zsnzdr= f fas 
= ft)3G) - | f@)G(e) aw 
e - fi icone ae 
> -acosa + f coszda 


€. Find the integral in this expression. £9 


= —gcosz 4 sinz + c. 


You can see that in Example 23 the use of the integration by parts formula 
changed the problem of integrating xsin x into the problem of integrating 
cos x, which is easier. Here are two similar examples for you to try. 


Activity 34  /ntegrating by parts 


Find the following integrals. 


(a) | rasi bj l sends 


As you become more familiar with integration by parts, you'll probably 
find that you can carry it out more quickly and conveniently if you 
remember the informal version of the formula stated below. You can recite 
this version in your head as you apply integration by parts, in a similar 
way to the informal versions of the product and quotient rules for 
differentiation that you met in Unit 7. It's useful for applying integration 
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by parts in fairly simple cases, like the ones that you've seen so far, which 
is usually all that you need to do. 


Integration by parts formula (informal) 


integral of product — (first) x i 


of second 
Nom Lof derivative T antiderivative 
at a of first of second i 


In the next example, the integration in Example 23 is repeated, using the 
informal version of the integration by parts formula. 


Example 24 Integrating by parts, using the informal formula 
Find the integral | x sin z dz. 


Solution 


€, The integrand is a product of two expressions, x and sin x. You 
can integrate the second expression, sin z, and differentiating the first 
expression, x, makes it simpler. So try integration by parts. 


Recite the informal version of the formula in your head. As you think 
‘first’, write down the first expression, then as you think 
‘antiderivative of second’, write down an antiderivative of the second 
expression, and so on. ® 


Integrating by parts gives 


[esinzdr =a x (— cos x) -fi x (— cos x) dz 
-zcosz + f coszdz 


= —g cos x + sin g + c. 


You can practise using the informal version of the integration by parts 
formula in the next activity. Alternatively, you might prefer to continue 
using the formal version for a little longer, and move to the informal 
version when you feel more confident with it. You can use the exercises on 
integration by parts in the practice quiz and exercise booklet for this unit 
for further practice. 
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Activity 35 Integrating by parts 


Find the following integrals. 


(à) J nubo 3 J ze" ds — (o) / ne ae 


When you use integration by parts, remember that it matters which 
expression in the integrand you take to be the ‘first expression’, and which 
you take to be the ‘second expression’. If you’re trying to use integration 
by parts, but you find that it leads to an integral that’s more complicated 
than the original integral, then try swapping the two expressions in the 
original integrand. 


4.2 Integration by parts in practice 


There are several frequently occurring types of integrals that often have 
the right characteristics for integration by parts. In this subsection you'll 
meet three of these types. It's helpful for you to learn to recognise them. 


Integrands of the form x” g(x) 


You can sometimes find an integral of the form 


[ o2 


where n is a positive integer and g(x) is an expression that you can 
integrate, by using integration by parts n times. 


All the integrals in the previous subsection were of this form, with n = 1, 
so you could find them by using integration by parts once. Here's an 
example where you have to use integration by parts twice. 
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4 Integration by parts 


Integrating by parts gives 
js dz = x? x iet — "es x iet dz 


= jae = 2E dz 


€. The integral in this expression, f re*” dz, looks easier to find than 
the original integral, but it/s still not straightforward to find. 
However, it is itself of the form described above, so try integration by 
parts again. f$ 


mu I dL ear e 14x 

= qve 1 (2x te fixt ar) 
qu 2 dr all il Aa il Ax 

= que i (fre JE ar) 


€&. Multiply out the brackets. Take care with the minus sign in front 
of the brackets — remember that it turns the minus sign inside the 
brackets into a plus sign. ® 


L L 2 Ar AT il Ax 
= qve gre +t fe dx 


@. Now find the integral in this expression, and simplify the resulting 
expression. ® 


CUI Ar AT il 1 4x 

= re gre tex ge +C 
Sele Ar IAr 1 4r 

= que gt€ +e +C 


= he (82? rc Naa 


Activity 36 /ntegrating by parts twice 


Find the following integrals. 


(a) J sheds wW / Poti 


The method introduced above for dealing with integrands of the form 
x”g(x) works just as well if the expression x” is replaced by any 
polynomial expression in x of degree n. For example, you can find the 
integral f (3a? — 1)e** dx by integrating by parts twice, and you can find 
the integral in the next activity by integrating by parts once. 
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Activity 37 Integrating an expression of the form (ax + b)g(x) 


Use integration by parts to find the integral "nz + 2)e 7? dz. 


Integrands of the form x” 1n x 
Suppose that you want to integrate an expression of the form 
x’ Ina, 


where r is a constant (any real number). Your first thought, particularly if 
r is a positive integer, might be that this is similar to the expressions that 
you saw how to integrate earlier in this subsection. However, you can’t 
apply the integration by parts formula with ln x as the second expression, 
because In z isn't an expression that you've seen how to integrate. 


In fact, you can find an integral of the form above by applying the 
integration by parts formula with ln z as the first expression. Here's an 
example. 


Example 26 [Integrating an expression of the form x" ln x 
Find the integral 


je In z dz. 


Solution 


€ The integral is of the form discussed above, so swap the 
expressions z? and In z, then integrate by parts. ® 


[ mods [nas 
= (mæ) x x- jt x da? da 
3 r 3 
= ja%ing—§ f as 
= jene d (3a) +e 
=} lng- ja? +c 
= jz’ (3lng— 1) +c 
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Activity 38 Integrating expressions of the form x" ln x 


Find the following integrals. 


(a) E (b) n 


Hint for part (b): write In x as (ln x) x 1. 


You can use the ideas that you used in Activity 38 to deal with other, 
similar integrals that involve the natural logarithm function. 'Iry the 
following activity. 


Activity 39  /ntegrating another expression containing the function In 


Use integration by parts to find the integral f (x — 2)In(3z) dz. 


Integrands of the form e"* sin(bz) or e“ cos(bx) 
You can integrate an expression of the form 
e""sin(br) or e'*cos(bx), 


where a and 6 are nonzero numbers, by integrating by parts twice. When 
you do this, you obtain an equation that expresses the original integral in 
terms of itself, and you can rearrange this equation to find the original 
integral. The method is demonstrated in the example below. 


When you use this method, you can arrange the exponential expression 
and the trigonometric expression in the integrand in either order before 
you integrate by parts for the first time. For example, you can start with 
either f e"? sin(br) dx or f sin(bx)e"* dz. However, you must choose the 
same order (exponential before trigonometric, or trigonometric before 
exponential) when you integrate by parts for the second time. If you don't 
do that, then the equation that you'll obtain will reduce to 0 = 0, which 
isn't helpful! 
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Example 27 Finding an integral by expressing it in terms of itself 
Find the indefinite integral J e cos 2a ya: 


Solution 


@. The integral is of the form discussed above, so use integration by 
parts twice. Start by swapping the expressions e” and cos(2z), as this 
makes the working slightly easier (it avoids introducing fractions in 
the early stages). ® 


We use integration by parts twice. 


fe cos(27) dau J cost) e* dz. 
€ Integrate by parts. @ 
J 522 e” dx = cos(2x)e” — nz sin(2z))e"* dx 
= cos(2x)e* + 2 | sin(20)er dx 
€ Integrate by parts again. ® 


a (snae! = / (2 cos(2z))e* ar) 


= cos(2x)e? + 2sin(2z)e* — 4 | ese dg 


€. The final term here contains the original integral. Move this term 
to the other side of the equation. When you do this, the right-hand 
side no longer contains an indefinite integral, so you have to add an 
arbitrary constant to that side. ® 


So 

J Sene dz + 4 [ese dz = cos(2x)e^ + 2sin(2x)e^ + c; 
that is, 

5 i) cos(2x)e" dz = cos(2x)e” + 2sin(2x)e* + c. 


€. To obtain the final answer, divide both sides by 5. (Remember 
that you leave the arbitrary constant as c rather than c/5.) Also, it's 
slightly tidier to write the exponential expression before the 
trigonometric expression in each term, and to take out a common 
factor. @ 


This gives 
fe cos(2x) dx = $e” cos(2x) + Ze? sin(2z) +c 


= $e"(cos(2x) + 2sin(22)) + c. 


Activity 40 Finding integrals by expressing them in terms of 
themselves 


Find the following integrals. 


(a) I guüejds tb) / E 


4.3 Integration by parts for definite integrals 


Once you've used integration by parts to find an indefinite integral, you 
can find any definite integral with the same integrand by using the 
fundamental theorem of calculus in the usual way. Here's an example. 


Example 28 Evaluating a definite integral by parts (first method) 
Evaluate the definite integral 


1 
n ze? dz. 
0 


Solution 


€. Use integration by parts to obtain the indefinite integral of the 
integrand. £9 


Integration by parts gives 
[4 =f ie" - fi x le'* da 


E UNE TD used ke 
= zte sje dx 
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@. Apply the fundamental theorem of calculus. ® 
It follows that 


= ds (e (Tx1-1)— e?(7x0— 1)) 


= 4(6e" - (-1)) 
= ag (667 4 1). 


An alternative way to use integration by parts to evaluate a definite 
integral is to apply the limits of integration ‘as you go along’. To do this, 
you use the following formula, which is just the usual integration by parts 
formula with the limits of integration included. 


Integration by parts formula for definite integrals 


b b 
f ooa = [Fee = f racea. 


Here G is an antiderivative of g. 


You can remember this formula as an informal version, by applying the 
limits of integration a and b in the appropriate way to the informal version 
of the usual integration by parts formula. 


The next example demonstrates how to apply the limits of integration as 
you go along when you integrate by parts. The definite integral in this 
example is the same as the one in Example 28. 


Example 29 Evaluating a definite integral by parts (second method) 
Evaluate the definite integral 


il 
I xe dz. 
0 


Solution 


€. Integrate by parts, applying the limits of integration. © 


Activity 41 Evaluating a definite integral by parts 


Use the integration by parts formula for definite integrals (the method of 
Example 29) to evaluate the definite integral 


1 
1 ze? dz. 
0 


Give your answer to four decimal places. 


In the next two activities you're asked to use integration by parts to find 
areas. 


Activity 42 Using integration by parts to find an area 


This question is about the function f(x) = x sin(3x). 


(a) Explain why the graph of f lies above the x-axis for values of x in the 
interval [1/12, 7/6]. 

(b) Write down a definite integral that gives the area between the graph 
of f and the z-axis from zr = 7/12 tox = 7/6. 


(c) Use the integration by parts formula for definite integrals to find the 
area described in part (b). Give your answer to four decimal places. 


4 


Integration by parts 
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Activity 43 Using integration by parts to find another area 


This question is about the function f(x) = (x — 2)(e * — 1). 


(a) Explain why the graph of f lies above the x-axis for 0 < x < 2 and 
below the x-axis for x > 2. You might find it convenient to use a table 
of signs as part of your explanation. 


(b) Find the total area (not the total signed area) between the graph of f 
and the x-axis, from x = 0 to x = 4. Give your answer to four 
significant figures. 


As mentioned earlier, in some texts the integration by parts formula is 
expressed in a different form. 


Here's the formula that you've seen in this section: 


J foot ax = yet - [ reto) as. 
It involves a function G and its derivative g. 


If you denote this pair of functions by g and g' instead, then you obtain 
the alternative version below. 


Integration by parts formula (Lagrange notation, alternative 
version) 


f COT CE tae | Vn tos 


As with all calculus formulas, the integration by parts formula can be 
stated in Leibniz notation. 


If you put u = f(x) and v = g(x) in the formula in the box above, then 


you obtain the following form of the formula. 


Integration by parts formula (Leibniz notation) 


dv du 
[e esw- fos 
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5 More integration 


You've now met several integration techniques, and practised using them 
on a variety of integrals. 


In this section, you'll start by meeting one further approach, which can be 
helpful for integrals that contain trigonometric expressions. Then you'll 
have an opportunity to practise identifying which of the integration 
techniques that you've met are appropriate for which integrals, for a 
variety of different types of integrals. 


Finally, you'll learn how to use a computer for integration. 


5.] Trigonometric integrals 


In Section 3 you saw that you can integrate some expressions that contain 
trigonometric functions by using integration by substitution. Another 
approach that’s often helpful when you want to integrate an expression 
that contains trigonometric functions is to start by using one of the 
trigonometric identities that you met in Unit 4 to write the expression in a 
different form. This can give you an expression that's easier to integrate. 
For example, you can use the identities below to help you integrate the 
expressions sin? x, cos? x and sin x cos x, as illustrated in the next example. 
'The first two identities are the half-angle identities, and the third identity 
is one of the double-angle identities. 


Three trigonometric identities 
sin? 0 = 3(1 — cos(206)) 
cos? à = 4(1 + cos(20)) 
sin(20) = 2sin 0 cos 0 
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In the next activity you're asked to use two of the trigonometric identities 
stated near the beginning of this subsection to integrate another two 
expressions that contain trigonometric functions. 


Activity 44  /ntegrating by using trigonometric identities 


(a) Use a half-angle identity to find the integral J cos? 0 d6. 


(b) Use the double-angle identity in the box above to find the integral 
J sin x cos z dz. 


The trigonometric integral in Example 30 and the one in Activity 44(a) 
can’t easily be found without first using a trigonometric identity to write 
them in a different form. 


However, there’s an alternative way to find the integral in Activity 44(b). 
Since the derivative of sin x is cos z, you can use integration by 
substitution, taking u = sin x. You're asked to do that in the next activity. 


Activity 45 Integrating a trigonometric expression by using 
substitution 


Use integration by substitution to find the integral / sin x cos g dz. 


In fact there are even two different ways to find the integral in 
Activity 44(b), namely 


/ sin z cos x dz, 


by using integration by substitution. One way is as suggested above: you 
use the fact that the derivative of sin xz is cos zr and hence make the 
substitution u = sin x. Alternatively, you can use the fact that the 
derivative of cos x is — sin z, write the integral as 


- | (conu sina da: 


and make the substitution u = cosx. The working for each of these 
methods is given in the solution to Activity 45. 


So you’ve now seen three different ways to integrate the expression 

sinx cosg: one way by using a trigonometric identity, and two ways by 
using substitution. These three different ways lead to three answers that 
look different, as you can see in the solutions to Activities 44(b) and 45. 
This illustrates that there can be more than one way to integrate an 
expression, and different ways of integrating it can lead to answers that 
look different, though of course these answers will be equivalent. 


If an answer that you obtain for an integral is different from the answer 
given in a book or by a computer, but you think that you haven't made a 
mistake, then you may be able to check that the two answers are equivalent 
by using algebraic manipulation. You may need to use trigonometric 
identities — there are examples of this in the solution to Activity 45. 


A rougher, but sometimes quicker, check is to plot the graphs of the two 
different answers on a computer (taking the arbitrary constants to be zero, 
for example), and check that they seem to be vertical translations of each 
other. This shows that the two different answers seem to be equivalent 
once the arbitrary constants are taken into account. Again, there's an 
example of this in the solution to Activity 45. 


In this subsection you've seen just a few examples of how you can use 
trigonometric identities and integration by substitution to help you 
integrate expressions that contain trigonometric functions. There are many 
more possibilities, some of which are covered in the module Essential 
mathematics 2 (MST125). 
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5.2 Choosing a method of integration 


When you have an integral that you want to find, it may not be obvious 
which method to try. Also, sometimes you might need to combine two or 
more techniques — for example you might be able to use algebraic 
manipulation, the constant multiple rule and the sum rule to express an 
integral in terms of simpler integrals, then use integration by substitution 
or integration by parts to find the simpler integrals. 


Here are some things to think about when you have an integral that you 
want to find. 


Choosing a method for finding an integral 
e Is it a standard integral? Consult the table in the Handbook. 


e Can you rearrange the integral to express it as a sum of constant 
multiples of simpler integrals? 


e Is the integrand of the form f(ax) or f (ax + b), where a and b 
are constants and f is a function that you can integrate? If so, 
use the rule for integrating a function of a linear expression, 
or use integration by substitution, with u — ax or u — az 4- b as 
appropriate. 

e Can the integrand be written in the form 

f (something) x the derivative of the something, 


where f is a function that you can integrate? If so, use 
integration by substitution. Start by setting the ‘something’ 
equal to u. 


e  Isthe integrand of the form 


f(x)g(x), 


where f is a function that becomes simpler when differentiated, 
and g is a function that you can integrate? (For example, f(x) 
might be x or z? or In z.) If so, try integration by parts. 


e Ifthe integrand contains trigonometric functions, can you use 
trigonometric identities to rewrite it in a form that’s easier to 
integrate? 


When you're finding an indefinite integral, try to always remember to add 
the arbitrary constant ‘+c’. It’s easy to forget it! 


In the next activity you can practise identifying which method of 
integration to use. 


Activity 46 Choosing a method of integration 


For each integral below, suggest a method of integration to use. Where you 
suggest substitution, also suggest a suitable equation for u in terms of x. 


You are not asked to actually find the integrals, but solutions are included 
so you can do so if you wish. 


(a) ju cos(9x7) dx (b) f rooste) dz (c) f(e ens 


x? 


(d) fo? +3)de (e) ] o (f) [wore 
(g) I ze dg — (h) 7 du(isyew(is)ds (5) f tas 
(j) I &(1—2e)dr (X) f drae d f x (32? — 2 dz 


You'll learn further useful strategies for integration in the module Essential 
mathematics 2 (MS'T125), if it's in your study programme. In particular, 
you'll learn more about integration by substitution and integration by 
using trigonometric identities, and you'll study partial fractions, which are 
useful when you want to integrate rational functions. 


Maybe we could make 
a substitution? 


lm wot sure we've 
got the right parts! 
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5.3 Integration using a computer 


There are many situations in which it’s helpful to use a computer for 
integration, such as when you want to integrate an expression that's 
difficult to integrate by hand. In the first activity of this subsection you 
can learn how to use the module computer algebra system to find 
indefinite integrals and evaluate definite integrals. 


Activity 47 Using a computer for integration 


Work through Section 9 of the Computer algebra guide. 


You can use the skills that you learned in Activity 47 in the next activity. 


Activity 48 Using a computer to work with a complicated function 


This activity is about the function 
f) a” — 10x + 15 
xr) = ——————. 
lc yrcl 


Do parts (b) to (d) below by using the module computer algebra system. 
Give your answers to parts (c) and (d) to three significant figures. 


(a) What is the domain of f? 

(b) Plot the graph of f. 

(c) Find the two z-intercepts of f. 
( 


d) Find the area between the graph of f and the x-axis, between the two 
x-intercepts. 


The next two activities are the final ones of the unit. In them, you’re 
asked to use your knowledge of integration to solve practical problems. 
The definite integrals involved in the problems can’t easily be evaluated by 
using the fundamental theorem of calculus, as it’s difficult to find 
antiderivatives of Vx? + 1 and sin(t?/150). However, you can use a 
computer to find approximate values. 


Activity 49 Using integration to solve a practical problem 


Consider the plastic edging shown below. The shape of its cross-section is 
given by the equation 


y—iva$-1 (-1€cX1.5) 
where x and y are measured in centimetres. 


Calculate the volume of plastic that is required to make one metre of the 
edging. Give your answer in cubic centimetres to three significant figures. 


Activity 50 Using integration to solve another practical problem 


Suppose that an object moves in a straight line, and its velocity v 
(in ms!) at time t (in seconds) is given by the equation 


m 
—sn(—_) (0<t<20), 
U sin (5) (0 < t< 20) 


as shown in Figure 42. 


If the displacement of the object from a particular reference point on the 
line at time t = 0 is 6m, as shown below, what is the displacement of the 
object from this reference point at time t = 10? Give your answer to the 
nearest centimetre. 


6m a 
e Q-—————-O 
reference position position 
point at time at time 


5 More integration 


0.44 


T > 
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Figure 42 The graph of 
v = sin(x? /150) (0 < t < 20) 
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You've now come to the end of the introduction to basic calculus in this 
module. You can use the skills that you've acquired to solve many different 
types of problems in mathematics, engineering and science, for example. 
These skills also equip you to study many further topics in these areas. 
You'll make a start on that in Unit 11, in which you'll use calculus in your 
study of Taylor polynomials. If your study programme includes further 
mathematics modules, then in some of these you may study more 
advanced calculus, with even more powerful applications. 


Learning outcomes 


After studying this unit, you should be able to: 
e understand what is meant by a definite integral 


e understand how to use subintervals to find an approximate value for a 
definite integral 


e use integral notation 
e understand the fundamental theorem of calculus 


e evaluate some definite integrals by using the fundamental theorem of 
calculus 


e integrate by substitution 
e integrate by parts 


e appreciate how to use trigonometric identities and integration by 
substitution to help you integrate some trigonometric expressions 


e identify a suitable method of integration for some types of integrals 


e use a computer for integration. 


Solutions to activities 


Solution to Activity 1 


If we divide the interval [—18, 18] into six 
subintervals of equal width, then each subinterval 
has width 36/6 — 6. 


The left endpoints of the six subintervals are 
—18, —18 +6, —18+2 x6, 
—18+3x6, —18+4x6, —18+5x6 

that is 

18, —12, —6, 0, 6, 12. 

So the heights of the rectangles are: 

f(—18) = 9- $ x (-18? 20 


f(-12)29— $ x (-12)? =5 
f(-6) =9- $ x (-6)? =8 
f0) =9- 4x0 =9 
f(6)=9- 4 x6’ = 


f(12)=9- 4 x12 =5. 
So we obtain the following approximate value for 
the area: 


(0 x 6) + (5 x 6) + (8 x 6) 
+(9 x 6) + (8 x 6) + (5 x 6) = 210. 


Solution to Activity 2 
(a) The signed area from x = 1 to x = 5 is —6.3. 


(b) The signed area from x = 5 to x = 7 is 1.3. 


(c) The signed area from x = 1 to x = 7 is 
—6.3 + 1.3 = —5. 


(d) The signed area from x = 1 to x = 9 is 
—6.3 + 1.3 — 5.9 = —10.9. 


Solution to Activity 3 


If we divide the interval |—3, 3] into six subintervals 


of equal width, then each subinterval has width 

6/6 21. 

The left endpoints of the six subintervals are 
-3-2 cp 


Solutions to activities 


So the heights of the rectangles are: 
f(-3) =3—(—3)? = —6 


f(-2) =3-(-2)? 2-1 
f(-1)23-(-1? =2 
Füoseq-g es 
fü)23-r- 
f(2)=3-2?=-1 


So we obtain the following approximate value for 
the signed area: 


(-6 x 1)+ (-1 x 1)+ (2x 1) 
+(3x 1)+ (2x 1)+(-1 x 1) =-1. 


Solution to Activity 4 


The exact value of the signed area between the 
graph of the function f(x) = 3 — x? and the z-axis 
from x = —3 to x = 3 is 0. 


Solution to Activity 5 


(a) The signed area from x = 2 to x = 6 is 4.0. 


(b) The signed area from x = 2 to x = 6 is 4.0, 
so the signed area from x = 6 to x = 2 is —4.0. 


(c) The signed area from x — 2 to x — 10 is 
4.0 — 5.4 = —1.4. 


(d) From part (c), the signed area from x — 2 to 
x = 10 is —1.4, so the signed area from x = 10 
to x = 2 is 1.4. 


(e) The signed area from x = 8 to x = 8 is 0. 


(f) The signed area from x = —3 to x = 2 is 
4.1 — 2.4 = 1.7, so the signed area from x = 2 to 
x = —3 is —1.7. 


) The signed area from x = —1 to x = 10 is 
—2.4 + 4.0 — 5.4 = —3.8, so the signed area 
from z = 10 to x = —1 is 3.8. 
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Solution to Activity 6 Solution to Activity 8 


si (a) [122] 21x 52—1x32?—1(25—9)— 8. 


(b) [cosz] 4 


(b) f(x) dx = 6. (c) [e]: , = e! — e™t = e — (1/e) = 2.35 (to 3 s.f.). 


= cos(27) — cos0 = 1— 1— 0. 


(c) f(x) dz = —11. Solution to Activity 9 


(a) An antiderivative of x? is $23, so 


(d) a f(x) de =-5 +6=1, f Per= pal 


e f. f(x) dx = 6 — 11 = -5. = 4 x17- 4 x (-1)° 
= 
(f) f f(x) dx = —5 + 6 — 11 = —10. (b) An antiderivative of e! is ef, so 
2 
5 f e dt = [e]; 
f adst. 0 
: elel 
f f os f _ = e^ —1=6.39 (to 3 s.f.) 
2 (c) An antiderivative of 1/u (for u > 0) is Inu, so 
2 4 
1 
i) f f(x) da =- f f(x (—11) = 11. f du [Inu], 
7 1 V 
-5 —]n4—]ln1 
j) I, Tode T. f(z) de = -(-5) = 8. — In4 = 1.39 (to 3 s.£.). 
(d) An antiderivative of sec? 0 is tan 0, so 
of fon dae “fh, flee n/4 
f sec? 0d0 = [tan 0] 7 
— =5, —m/4 "n 
by part (e ." = T (m 
B tan 7 tan ( =) 
) | Fed e. f(a) da b 
7 = 
= = 10, 
(e) An antiderivative of Va +u?) is tan! u, so 
by part on 1 
Solution to Activity 7 f mae [os al 
9 7 9 _ =Ï u -1( 
7 odas f sida «f f(x) de B Be Ex 
2 2 7 Ec (-7) 
o 4 4 
= 7/2 


9 
-15= -11+ f f(a) dx 


and hence 


[ tow- 15 — (-11) = -4. 
7 


= 1.57 (to 3 s.f.). 
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Solution to Activity 10 


(a) E 


1 1 
4 
i 
= 3x 50] 
[gl 
= [zT 
1 
= 2 x 43/2 — 2 x 9 
=2x8-2 
= 14. 
0 
©) f saa 
zj 
0 
= (a -- 2?) dz 
=i 
= [$27 + igo. 
= ($ x 0 + $ x 0°) — GCU! + i017) 
=-(i-}) 
2 3 
oll 
a 
4 4 
(c) [= r= | (1+?) dr 
2 r 2 r 


= [r+5Inr], 
= (4+5ln4) — (24- 51n2) 
= 2-4 5(In4 — 1n2) 
—24-51n(4/2) 

=2 + 51n2. 


Solution to Activity 11 
? a l 5/2 i 
a g” f dr = | —r 
o [ lef | 
5 
— [24,5/2 
[pn]. 


i^i 


Solutions to activities 


n 


=. 
SS 
N 


= 
Q 
N 
ü= 
| = 
= 
~ 
bo 
wl 
i 
Q 
w 
o wilh > ~ 
= ll 


Solution to Activity 12 


(a) 


(b) 


vT V7 
f fade =} f x? dg 


M 


tI 


C Cle l= æ= Ole 
. ~ 
N 
N 
(Su) 
N 
a” 


T/4 
f (sin x + cos x) dz 
—m/A 


T/4 T/4 
= sinzd + f cos x dz 
—m/A4 —m/A 


= |- cosa], -— [sina], 


8) 
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Solution to Activity 13 
'The required area is given by 


[z] E = ag e] un 


9 8 
= 9(18 — (—18)) — 4 (18? — (-18)*) 


= 9 x 36 — -+ (183 — (—18?)) 
( 


— 324 — 108 

='216. 
So the area of the cross-section of the roof is 216 m?. 
Solution to Activity 14 


(a) The z-intercepts are given by 


wx — 200 = 0 
wu = 200 

a^ = 6400 

t= +/6400 

x = +80. 


So the z-intercepts are —80 and 80. 
(b) The shaded area is 


80 
f (42? — 200) dz 
—80 


80 
= [d x 42° — 200x 
l3 
= [423 — 200 | 
rz E —80 
17.3780 80 
= aelt ] 80 — 200[2] s0 
= d; (80? — (—80)?) — 200(80 — (—80)) 
ac (2 x 80°) — 200 x 160 
80? 
— — 32000 
48 
|. 64000 
i 3 
— —213331 


200 


Hence the shaded area is 21333 cm?, to the 
nearest cm?. 


Solution to Activity 15 


(a) (i) 


(b) (i) 


From £ = 0 tot = 1 the displacement of 
the object changes by 2.3 cm. 


From t = 3 to t = 4 the displacement of 
the object changes by —1.8cm. That is, it 
changes by 1.8cm in the negative direction. 


From t = 0 to t = 3 the displacement of 
the object changes by 

(2.3 + 5.9 + 2.7) cm = 10.9 cm. 
From t = 3 to t = 6 the displacement of 
the object changes by 

(—1.8 — 2.0 — 0.3) cm = —4.1 cm. 
That is, it changes by 4.1 cm in the 
negative direction. 
'The displacement of the object from its 
starting position at time t = 2 is 

(2.3 4- 5.9) cm — 8.2cm. 
By (a) parts (iii) and (iv), the 
displacement of the object from its 
starting position at time t = 6 is 

(10.9 — 4.1) cm = 6.8cm. 


(c) By parts (a)(iii) and (a)(iv), the object travels 
10.9 cm in the positive direction, then 4.1 cm in 
the negative direction, so the total distance that 
it travels is 


(10.9 + 4.1) cm = 15cm. 


Solution to Activity 16 


(a) The change in the displacement of the object 
from time t = 0 to time t = 1 is given by 


: 1 
f (3— feat = | - 3 x 3] 


= [st — ae 
1 211 
= 3[t]o — alto 
= 3(1 — 0) — ł4(1? — 0?) 
=3- 3 
= 4 = 2.95. 


That is, the object travels 2.25m in that time 
(in the positive direction). 


(b) The change in the displacement of the object 
from time t = 4 to time t = 5 is given by 


5 $15 
3—3 dt = 13 3 1 
fi 30d [st ZI 


'That is, the object travels 3.75 m in that time 
(in the negative direction). 


Solution to Activity 17 


'The change in the displacement of the car during 
those four seconds is given by 


4 4 
f (28 — 7t) dt = |28t -— d 
0 0 


-35[5, - Feli 


0 2 0 
— 28(4 — 0) — Z(4? — 0) 
= 112 — 56 
= BB. 


That is, the car travels 56 m during those four 
seconds. 


(In fact, since the required answer is the area of the 
shaded triangle in Figure 39, you can calculate it in 
the following more straightforward way. 


'The change in the displacement of the car during 
the four seconds is 


(5 x 4x 28)m = 56m.) 


Solution to Activity 18 


The change in the displacement of the car is the 
area shaded in Figure 40, which is given by 


$x5x15—3x4x12— $(75— 48) 
= į x 27 = 13.5. 
So the car travels 13.5 m during the fifth second. 


(There are various ways to work out the area 
shaded in Figure 40. It is worked out above by 


subtracting the area of one triangle from the area of 


another, but alternatively you could add the areas 
of a rectangle and a triangle, or use the formula for 
the area of a trapezium.) 


Solutions to activities 


Solution to Activity 19 
(a) fea eg dq 


(b) lace rn 
a? + iz? — 6z 4 c. 


of 72 dr = tan z-4c. 
—3 
NE rg du = -3ten utc. 
© f same = itan 'r+e 
1+2° 
(h) [i 5 = į(x + $?) +c 


Solution to Activity 20 
3 1 3 1 
(a) f (5-3) d JETER 
1 1 


= 3In|z| — tan"! z + c. 


(b) n z)(cosec x + cot x) dz 
= / (cosec? x + cosec x cot x) da 


z f cosec? x dx + / cosec x cot z dx 


= — cot x — cosecz + c. 
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Solution to Activity 21 


d 
(a) Let u — cosz; then T — —sinz. So 
da 
[ee(-sinz) ae = f etau 
=e"+¢ 
— eT + C. 


d 
(b) Let u = z?; then C — 3z?. So 
da 


f (sim(z3)) (322) de = | gatudu 


= — cosu + c 
= — cos(z?) + c. 
d 
(c) Let u = sin z; then d = cost. So 
n 
il 1 
Is )coszde= f itu 
sin x u 
— In|u| +e 


= In |sin z| + c. 


d 
(d) Let u — cosz; then m — —sinz. So 


1 . 1 
f (x) (-sinz)de= f Tau 
= fw?au 


COS T 
=—secr+c. 

(A quicker way to find this indefinite integral, 

without using substitution, is to write the 

integrand as — sec x tan x and use the table of 

standard indefinite integrals.) 


d 
(e) Let u — sinz; then = = cosx. So 
x 


[sn'voosede = fut tu 


= už +c 


= E sin?z 4c. 
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(f) Let u = sin z; then M: = cosx. So 
x 


1 1 
Jm) cossas - f (+) du 


= tantu +c 


= tan" (sin z) + c. 
Solution to Activity 22 
(a) Let u = 4 + cos z; then “ = —sinz. So 
Jo + cos z)” (— sin x) dz = fe du 


_ 1,8 
— gu +e 


= i(4- cos z)? + c. 


(b) Let u = 1 + z?; then M: -x SO 


[ erani » [ Vii 


= [eas 


_— 1 32 
= 3/2" Tc 
=2(1 +r e. 


d 
(c) Let u = z? — 8; then CU — 5z^. So 


dx 
ie — 8)9(5z^) dz = [^ du 
= iul tc 
i(az? —8)H +c 


d 
(d) Let u = e” +5; then C" 2 et. So 


da 
1 1 
I( Jerar= f au 
e” +5 u 
— In|u| +c 
— In|e* + 5| +c 
= ln(e” 4- 5) + c. 
3 du 2 
(e) Let u = 5 + 2x”; then — = 6z^. So 
dx 
J (sin 225) (60°) de = f sinudu 
= —cosu +c 


= — cos(5 + 22?) + c. 


Solution to Activity 23 
(a) Let u = e”; then 2 z^, Bo 
da 
] exe»e dg = ] m 


=sinu+c 
sin(e”) 4- c. 


d 
(b) Let u = 1 + sin z; then T = cosg. So 
s 


] em de je du 


=e"+c¢ 
= eitsin x +e. 
d 
(c) Let u = x1? + 6; then T. = 107°. So 
1 " 1 
— In|u| +e 
= In |z'? + 6| +c 
= ln(z"? +6) + c. 
d 
(d) Let u = cos z; then = = —sinz. So 
$ 
nc z)(—sinz)dz = fe du 


= iut +c 
= i cos? a + c. 
Solution to Activity 24 


d 
(a) Let u — z?; then C" = 3z?. So 
dx 


js cos(s*) dz = f (cos(2*)) x? dx 


Solutions to activities 


(b) Let u = 1 + z?; then “ = 2x. So 
z 


[ i9 e f (Vr) sas 


=} f (VTF) asas 


=} f vae 


AT 


x 2y3/? + c 
wr +e 


(1+ 27)9/? + c, 


| 
bole 


Wile we Nie 


aja 
Q 


(c) Let u = cos z; then — = — sing. So 
it 


f simis = ZI z)(— sin x) dx 


=- futau 


2. s 
— —gu c 


ES —1 cos? x 4 c. 


Solution to Activity 25 


d 
(a) Let u = 1 + 227; then T — 4x. So 
n 


i (iu) (dy die 


= ;lnjujt+e 
= iln|l 4-227] £c 
= 4In(1+ 227) +e 


(since 1 + 22x? is always positive). 
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d 
(b) Let u = 2 + e*; then C" =e. So 
dx 


l'axe | (Grae) 
ET 
SERT 


=u +e 


= —— +c 
u 


"aye" 


d 
(c) Let u = 3 — sin g; then T. = — cosg. So 
x 


d 
(c) Let u = 1 + į sin z; then B = $ cosx. 
ie 


fo + 4 sin x)? cos z dx 


= 2 fa + į sin x)? (4 cos x) dz 


= 2 fw du 

=2 x iw) +c 

= žu” Tc 

= 2(1+$sinz)* +c. 
Solution to Activity 27 


du . 
Let u = cos x; then — = — sin x. So 


dx 


cos © u 1 sin x 
| e- I (a5) cos x) da near [ Ras 


= —]In[u| +c 

= —]n|3— sin z| + c 

= —In(3 — singz) + c 
(since 3 — sin z is always positive). 


Solution to Activity 26 


d 
(a) Let u = cos x; then 7 = —sinz. So 
MH 


] masas = - [e sina) dx 


=- feau 


——e +c 


= er +c. 


(b) Let u = 3 — e”; then M: = —e”. So 


e? 1 " 
[ 5£x«-- f (32) (—e*) dx 
1 
=- f žau 
u 
= —ln |u| +c 
= —ln|3 — e| + c. 
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= —ln |u| +c 


= — ln | cos z| + c. 
Solution to Activity 28 


(a) Let u = 6x — 1; then am 6. So 
da 


je dx = ; feo x 6dx 
= feau 


— l,u 
= 8€ +c 


= fel +, 
du 
(b) Let u = 4x; then — = 4. So 
da 


l sin(4r) dz = + J (sin(4x)) x 4dx 


I sin u du 


(— cos u) +c 


E —icosu+c 


= —icos(4r) + c. 


AIF OBIE 


So 


(c) Let u = —9z; then m —9. So 
dx 
ferar=-3 fe x (—9) dx 
= EL 
=-je"+c 
= -łe +c 


(d) Let u = —z/3; then = = —i. So 


fta JR x (—4) dr 


--3 [edu 


= —3e" +c 
= —8e */3 4 c, 


du 
Let u = 3 — 7x; then — = —T7. S 
(e) Let u x; then 1- o 


Solutions to activities 


(g) Let u = 2x + 1; then E = 2. So 
£ 


[me (arp 


COR) 


J ag-us / (cos(3 — 72)) x (-7) da E Je i 


= -4 f cosudu 


= —isinu-c 


= —isin(3 — 72) + c. 


d 
(f) Let u = 4 — z; then — 2 1. So 
dx 


[=+ G4) “(Eide 
=- [Hau 


= —lnļ|u| +c 
= —]n|4 — z| + c. 


~ Qu? 
1 
~ 2(1—2)2 
(i) Let u = 62; then a = 6. So 
dz 


/ sec! (62) dz = 1 f (sec? (62)) x 


= ZEIT 


= c tanu +c 
= i tan(6x) + c. 


) x2a0 


6 dx 
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Solution to Activity 29 
d 
(a) Let u = 2a; then m =2, So 
1 
| —-— 
/1 - (22)? 
1 
5 f x 2dz 
V1 — (22)? 

i 
2 | M 1—wu? 
= - sin 'u-c 
= isin ! (22) + c. 

ME 


= V2. So 


1 
—— res 
l= i 


(b) Let u = v2 z; then 
] = 
14 2x? 


2 I loa 
E la ^ 


© tgp 


I 
el 
x 
eT) 
+ 
mm] BH 
NIW 
8 
Lá 
i) 
x 
bolo 
e 
8 


— “~ 


= ltap^! (32) +c. 


Solution to Activity 30 


(a) f cos(toz) dx = i; sin(10z) + c. 


(b) fse — 5x) dz = 
= $ cos(2 — 5x) + c. 


i(— cos(2 — 5x)) +c 
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(c) fer dis get pos 
(d) / cos(10) dd = 2sin(20) +c. 


(e) fe -4P dp = —łe7 P aas 


1 1 
zz 4% = sIn[7z — 4| +e. 


1 
dr = —ln |1 -r| + c. 
T 
sec^(5br — 1) dz = itan(5z — 1) + c. 


sin(x) dg = 


5 —5 cos(x) + c. 


(k) per da = 2e7/? + c. 


(1) [sce — 3p) dp = —4 tan(2 — 3p) + c 


= itan(3p — 2) + c. 
(The final expression was obtained by using the 
trigonometric identity tan(—0) — — tan 0.) 


im) [sm (=) de= f sin (3 ~ 32) dx 


Solution to Activity 31 


(a) The velocity v (in ms~') of the object at time t 


(in seconds) is given by 

v = 2cos (3t +5) : 
Hence the displacement s (in m) of the object 
at time t (in seconds) is given by 


Ss — f 200s (30-45) dt 
= 2x 2sin (št +5) +c 
= Asin (3t +5) + c, 
where c is an arbitrary constant. 


When t = 0, s = 4. Hence 

4 —Asin($ x 04-5) +c 

4 = 4sin(5) + c 

c = 4 — Asin(5) 

c= 7.835... 

c = 7.84 (to 2 d.p.). 
So the equation for the displacement of the 
object in terms of time is 


s = Asin (3t + 5) + 7.84. 
(b) When t = 10, 
s = Asin (5 x 10 4- 5) + 7.835... 
= 4sin(10) + 7.835... 
=D. (t6 2 sf): 


So the displacement of the object at time 
10 seconds is 5.7 m (to 2 s.f.). 


Solution to Activity 32 
du 
Let u = 1 + 227; then — = 4r. 
(a) Let u + 22°; then dz g 


Putting x = 0 gives u = 1 and putting x = 1 
gives u = 3. So 


1 1 
ee ee e 
ri page= 3 | (us) ans 


= 3 [l lul]; 
= 4(In3 — In 1) 
= z1n3 


4 
= 0.275 (to 3 s.f.). 


Solutions to activities 


d l . 
(b) Let u — cosz; then 7" — sing. Putting 


x 
x = 7/2 gives u = 0 and putting x = 7 gives 
u = —1. So 


T T 
f cos? z sin z dz = — L cos? z(— sin z) dx 
7/2 7/2 


-1 
=- | u? du 
0 


| l 
Ale ee Ble r4 


—0.25. 

(Notice that in the second line of the 
manipulation above we obtain an integral, 

p u?, in which the lower limit of integration is 
greater than the upper limit of integration. An 
alternative way to proceed from this line is to 
use the fact that, in general, 

f; f(z) de = — f? fü) dz. Then the 
manipulation continues like this: 


=j 0 
f u? du = / u? du 
0 al 


(c) Let u = —3z?; then T in 


da 
Putting « = —1 gives u = —3 and putting « = 0 
gives u = 0. So 


0 2 o 2 
f ze 9 da = af ~ ) (—6x) dx 
= d 


= —0.158 (to 3 s.£.). 
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Solution to Activity 33 


d 
(a) Letu — 1-2; then = 1. Also, x = u — 1. So 


d 
(b) Let u = £ + 3; then = 1. Also, x =u—3,s80 (a) 


] ie = fe- 1)Vudu 


j (vi? — uta) du 


u2 yl 
5/2 3/2 + © 


20 4 z)?/? -2(1+2)3” 


MA 
x — 2 = u — 5. Hence 


IK 


r—2 


z 3) 


u—5 


Solution to Activity 34 


(a) Let f(x) = x and g(x) = cosz. Then f'(z) 21 


(b) Let f(x) = x and g(x) = e”. Then f'(x) 
and an antiderivative of g(x) is G(x) 
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and an antiderivative of g(x) is G(x) = sin z. 


Hence 


[ 5e = f fata 


f(a)G(e) — / f'(z)G(x) da 


rsinz-— E 


= rsinz — (—cosx) +c 
=axsinz+cosr+c. 
= 1 


=e 


- € Solution to Activity 35 


E sin(5x) dx 


a (—£ cos(5z)) 
= pp x (—£cos(5z)) dz 


—ircos(5r) + i J x62 da 


—txcos(5x) + 4 x esin(5xz) +c 


5 5*5 
= —ircos(5r) + jc sin(5x) + c 
= $ sin(5x) — ix cos(5z) + c. 


(b) / re? dy = z (327) — f 1 x (4e2*) da 


1 22 1 2r 
zre -4 fe dg 


re?” 


ze?" 


ie? 
— ie +c 
Le? (25 — 1) +c. 


"TER f 1x (-e7*) dz 


-ze + fe dx 


1 
—9X epu 


= tI Nie 


=-—ge “+(-e ")+c 


—ze *—-e *+e 


=-e *(4+1)+e. 


Solutions to activities 


Solution to Activity 36 Solution to Activity 38 
(a) [ve dz = xe? — fae dx (a) E lada fo r)z? da 
1 
= set 2 | eds ZI 


- se -a(se- f1xea) =4xting—} f ode 


4 AR: 
Ing —+x 4 
= ste" dee +2 | eds ire pou ms 
= iz^(Alnz — 1) +e. 


= q?e* — 2ye* + 2e* +c 


= e” (£? — 2x +2) + c. (b) [oredr = fna) x 140 
(b) fo cos(2x) dx = (Inz)x — f E xdr 
$ 
= x° (4 sin(2x)) — fag sin(2x)) da —glnz— pre 
= {x° sin(2x) — E dz mox od 


= ia? sin(2z) 


Solution to Activity 39 
- (st-3 costa) - fi x (—} eos(2r)) dr) fe-2 Bou 


= $2” sin(2x) + 4x cos(22) — TEST dx 


= ncc — 2)dz 


z’ sin(2x) + $x cos(2z) — 4 x 4 sin(2x) +c 1 
= In(32) x (iz? — 2x) — / — (iz? — 2x) dz 


1 
2 2 
= iQa — 1)sin(2x) + 3a cos(22) + c. 


z£ 
Solution to Activity 37 = iz(r — 4)In(3z) — nt — 2) dz 
"nz *2)e ^" dz = ix(r — 4)In(3z) — 4 Jo — 4) dz 

= (5x + 2) (=) rou E (=) e 9 dy = $a(x — 4)In(3z) — $($27 — Ax) +c 
zz(r — 4)In(3z) — $a(x — 8) + c. 


5a + 2)e 7 + f e 9 dg 

5r --2)e ?* — Le 9 dr +c 
= —le ** (5a +2+1) +e 
=—2(5r+3)e 7?" + c. 


(An alternative way to find this integral is to start 
by writing it as 


JE dse2 f e= dz. 


The first integral in this expression has an integrand 
of the form xg(x), where g(x) is an expression that 
you can integrate, so you can find this integral by 
using integration by parts. The second integral is 
straightforward to find.) 


( 
zm 


H 
5 
—1 
5 
H 
5 
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Solution to Activity 40 
(a) We write 


Je sin(3x) dz = n eg da 


Integrating by parts twice gives 
f 362 e” dx 
= sin(3z)e* — fe cos(3x))e” da 


= sin(3z)e* — 3 f cos(3x)e” da 


= sin(3x)e” 


-3 (esae z / (-3sin(3z)e* ar) 


= sin(3xz)e” — 3cos(3x)e* — 9 f sin(3x)e” da. 


So 
10 f sin(30) e du 


= sin(3x)e* — 3cos(3x)e* + c 


and hence 
f soea) e” dz 


= 1 sin(3z)e* — 3- cos(3x)e” + c. 


10 10 
That is, 
/ e” sin(3x) dx 
= fe" sin(3r) — &e* cos(3x) + c 


= fe" (sin(3z) — 3cos(32)) + c. 
(b) Integrating by parts twice gives 
e?” cosa dz 
cu oA 2x : 
=e sing — fe ) sin z dz 
= e” ging — o sin x dx 
= e" sing 


= (ec cos £) — | (2e?*)(— cos x) ar) 


= e?” sin z + 2e?* cos z — 4 / e?” cos z dz. 
So 


JE cos z dz = e?” sin z + 2e?” cosg +c 
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and hence 
[e cos z dz = te" sing + 2g? cos z +c. 
That is, 


a cos x da = ie?" (sina --2cosz)- c. 


Solution to Activity 41 


1 1 1 
i ze dg = E x ie] — f 1x ie? dx 
0 0 0 


= $[xe°"| -4 j e** dz 
1 

-$e -0- ilie") 

= te" ape], 


3 

1 49 Ifas 

3e" — z(e" - 1) 
= 4 (3e? — e + 1) 

s (2e +1) 

— 4.5746 (to 4 d.p.). 


Solution to Activity 42 
(a) If x € [n/12, 7/6], then 3z € [1/4, 1/2]. 
Now 
sin 0 > 0 when 0 € [1/4, 1/2], 
sO 
sin(3x) > 0 when x € [1/12, 1/6]. 
Also 
x > 0 when z € [7/12, 1/6]. 
Hence 
xsin(3x) > 0 when z € [7/12, 7/6}. 
That is, the graph of f(x) = xsin(3z) lies above 
the z-axis for values of x in the interval 
[1/12, 7/6]. 


(b) It follows from part (a) that the area between 
this graph and the z-axis from x = 7/12 to 
x= 7/6 is 


7/6 
f x sin(3x) dz. 


/12 


(c) Integrating by parts gives 


7/6 
f x sin(3x) dx 


/12 


i 
lzci cos(3x)) 


3 


2 (—4 cos(32)) dz 
a 
= —4 |z cos(3x)] 2 uL 


TE ral) 


lone 


a) + Men] 
“sen” + 4(sin(2) -sin()) 


35 a V2 
= 0.0943 (to 4 d.p.). 


(The area found in this solution is shown below.) 


YA 


gem) 


Solution to Activity 43 
(a) To help us construct a table of signs for the 


function f(x) = (x — 2)(e * — 1), first we 
consider the two factors of the expression 

(x — 2)(e^* — 1) separately. 

'The function y — x — 2 is increasing on its 
whole domain, and the z-intercept of its graph 
is zr — 2. 


(b) 


Solutions to activities 


The function y = e^* is decreasing on its whole 
domain, so the function y = e * — 1 is also 

decreasing on its whole domain. The x-intercept 
of its graph is given by e~* — 1 = 0, which gives 


e?azj 
—gz -—1nl 
—x=0 
T= 


So its x-intercept is z = 0. 


So we have the following table of signs, for 
x> 0. 


The table shows that the graph of the function 
f(x) = (x — 2)(e~* — 1) lies above the z-axis for 
0 « x « 2 and below the z-axis for x > 2. 


Because the graph of f lies above the z-axis for 
0 « x< 2 and below the z-axis for x > 2, to 
find the total area between the graph of f and 
the x-axis from x = 0 to x = 4 we have to work 
out the signed area from x = 0 to x = 2 and the 
signed area from x = 2 to x = 4 separately. 


The signed area between the graph of f and the 
z-axis from x = 0 to x = 2 is given by 


fe — 2)(e7* — 1) dz 


- [e-a 


2)(—-e^* S e? —x)dz 
= 0 — (—2)(—e7 °?) +f (e * +2) dz 


2 
= 2(-1)+ |-e* + T 
0 
= —2+(-e 7 + 2) — (2e? +0) 
Sse" 4041 
=l-e”’. 


Since the graph of f lies above the x-axis for 
0< z « 2, it follows that the area between the 
graph of f and the z-axis from xz = 0 to x = 2 is 
1—e7. 
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Similarly, the signed area between the graph 
of f and the x-axis from x = 2 to x = 4 is given 


by 
4 
f ae actes qaa 


E 84[ e^? 4 d 
2 
= —2e7* — 8 + (8 * + 8) — (—e7? + 2) 
—3e 5 Ee ? — 2. 


Since the graph of f lies below the z-axis for 
2 < x < 4, it follows that the area between the 
graph of f and the z-axis from zr = 2 to x = 4 is 


(#6 "ups — 2) 234 5:8 742: 
So the total area between the graph of f and 
the z-axis from xz = 0 to x = 4 is 

ü cet qi 553 

—3-2e7 + 3e7* 

= 2.784 (to 4 s.f.). 


(The area found in this solution is shown below.) 


Solution to Activity 44 
(a) nz 0d0 — i z(1-- cos(20)) dé 


z sfa + cos(28)) 46 


= $(0+ $sin(20)) + c 
= 4(26 + sin(20)) + c. 
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(b) [one cosadz = | $sin(2x) dx 


Solution to Activity 45 


f du 
Let u = sin z; then — = cosg. So 
da 


[sine cosrde = f udu 


= iu? Hec 
= 3 sin? x + c. 
(There's an alternative approach to finding this 


integral, as follows. Let u = cos x; then 


du . 
— = — sinz. So 


dx 
[one cosrdr = | cosrsine dr 


T / (o0 2) (— sin z) de 


=- fudu 


__1,2 
= —3w tc 
= —icos?z + c. 
This approach gives a different answer, but of 
course it’s equivalent to the first answer. You can 


confirm this by using the identity 
sin? 0 + cos? 0 = 1, as follows: 


bana? 1 2 
—; cos z +c = —5(Ll— sin" z) +c 
IU dd 
—38m r—5-Fc 
= lsin^ x +d, 
where d = -i +c is an arbitrary constant. 


Notice also that the solution to Activity 44(b) gives 
a third different answer: 


[one cos x dz = — 4 cos(2x) + c. 
You can confirm that this answer is equivalent to 


the first answer above by using the identity 
cos(20) = 1 — 2 sin? 6, as follows: 


—icos(2x) +c = —4(1 — 2sin? x) + c 
EMEN 1 
—3S8mn r—4-cc 
= - sin? x 4- d, 
where d = —4 +c is an arbitrary constant.) 


(The diagram below shows the graphs of the three 
different antiderivatives of f(x) = sin x cos x that 
were found in the solutions to Activity 44(b) and 
Activity 45. The arbitrary constant has been taken 
to be zero in each case. You can see that, as you'd 
expect, the three graphs appear to be vertical 
translations of each other.) 


Solution to Activity 46 


(a) Since the derivative of 9x4 is 36x3, which is 
‘nearly’ z?, you can use the substitution 
u = 9z*. 


d 
Let u = 924; then C = 3623. So 
da 


Td cos(9x*) da = = n x 362? dz 


= | cosudu 


— lg 
= gg SINutc 


+ sin(9x*) + c. 


The integrand is of the form zg(x), where g is a 
function that you can integrate, which suggests 
that you should try integration by parts. To 
integrate the ‘second’ expression, you can use 
the fact that it is a simple function of a linear 
expression. 


f costa) dx = z sin(5x) — i f 362 dx 


= irsin(5z) — £ (-icos(5z)) + c 
= izsin(5z) + + cos(5z) + c. 
The integrand is the sum of two expressions 
that are straightforward to integrate. The 


Solutions to activities 


second expression is a simple function of a 
linear expression. 


fe + cos(5x)) dz = iz? + E sin(5z) + c. 


(d) You could use integration by substitution 


(taking u = x? + 3) or integration by parts, but 
the simplest method is to start by multiplying 
out the brackets. 


fo? *3as- fe eas 
= jat + łe +c 


= 4x? (£? +6) +c. 


The integrand can be written as — — 
1+ (V3 x) 
so it’s a function of the linear expression V3 x. 
So you can use the substitution u = V3 z, 


together with the indefinite integral of 


1+ 22’ 
which is a standard integral. 


Let u = v3 x; then dujda = V3. So 


1 
] e ; x V3dz 


"WI rus 
a iat 


1 =j 
= — tan u+c 


V3 
(v3z) FPE 


= E tan ! 
V3 

Since the derivative of 7 — x? is —3x?, which is 

‘nearly’ the numerator z?, you can use the 


substitution u = 7 — 2°. 


d 
Let u = 7 — z?; then M escapa 
da 


a 01 | 2 
Ty dz = —3 7 el )dz 
1 
EIE: 
==} fem 
1 1 
= T3 x m Pe 
o 1 
~ 18u6 
1807- r ^^ 
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(g) The integrand is of the form xg(x), where g is a 
function that you can integrate, which suggests 
that you should try integration by parts. To 
integrate the ‘second’ expression, you can use 
the fact that it's a simple function of a linear 


expression. 


foc’ dx 


=x (-3e-*/5) - fi x (-3e-*/5) dz 


= —8xze */3 + s [e dz 


= —8xze */3 — ge^ */3 +e 
= —3e^* P (a 4- 3) +e. 


You can use the trigonometric identity 
sin(20) — 2sin 0 cos 0. 


[om (52) cos (52) dz = f “ sin x dz 


2E 


= —4 cosg + c. 


You can use the fact that the integrand is a 
simple function of a linear expression, or you 


can use the substitution u = x — 1. 


[eas EE +. 


(j) You could use integration by substitution 
(taking u = 1 — 2e”), but the simplest method 


is to start by multiplying out the brackets. 


fea se vane Je — 2(e*)?) da 
Z | (e? — 2e?*) dz 


—e* 2x 4e +c 
— e — e” +c 
=e — (e?! c 

— e*(1— e^) 4 c. 


(Here's how the integration goes if you use 
integration by substitution. 


d 
Let u = 1 — 2e*; then LE So 
da 


= -i(1-2e* +c 

(1 — 4e* + 4(e7)?) +c 
= -i(1- 4e” + 4e”) +e 
=e"-e'* ite 
=e*—(e")? -t+0e 
—e(1-e)-i-c 
= e*(1 — e*) +d, 


where d — -i +c is an arbitrary constant.) 


You can start by multiplying out the brackets 
and applying the sum rule. Then you have two 
integrals to find. One of them is 
straightforward, and you can find the other by 
using integration by substitution, taking u = 2?. 


n ra 
" fe n CA 


oars f osmtnmas 


= $x? + n 


Let u = z?; then du/dx = 2x. The expression 
above becomes 


ir? +4 fe x 2x dz 


iz? + 3 ] so 
z^ + $(— cosu) +¢ 
— $cos(z?) + c 


(zx? — cos(z?)) + c. 


nle NIF Ne 
8 


(1) Since the derivative of 3x? — 2 is 6x, which is 
‘nearly’ x, you can use the substitution 
u = 32? — 2. 


d 
Let u = 327 — 2; then “M = 65a 
da 


E — 2)? dz = ZI — 2)? x 6z dz 


Solution to Activity 48 


(a) The domain of f is the interval [—1, 00) 
(because the expression x + 1 is defined only 
when z is in this interval). 


(b) The graph of f is shown below. 


YA 
me _ x? — l0 +15 
40) ay eae 
154 
1 
54 

2 T 


(c) The z-intercepts of f are 1.84 and 8.16 (to 
3 s.f.). 


(The exact values are 5 + V/10.) 
(d) The area between the graph of f and the 
z-axis, between the two x-intercepts, is 
8-162. %2 = 10g 15 
7 Tage. L+Vve+d ^ 


A computer gives the value of this expression as 
12.4 (to 3 s.f.). 


(Details of how to use the CAS for this activity 
are given in the Computer algebra guide, in the 
section ‘Computer methods for CAS activities 
in Books A-D'.) 


Solutions to activities 


Solution to Activity 49 


'The area of the cross-section, in square centimetres, 


is 
1.5 
f iy x3 + 1dr. 
1 


A computer gives the value of this definite integral 
as 0.939 (to 3 s.£.). So the volume of plastic 
required to make one metre of the edging is 
approximately 93.9 cm?. 

(Details of how to use the CAS to find the indefinite 
integral are given in the Computer algebra guide, in 


the section ‘Computer methods for CAS activities 
in Books A-D'.) 


Solution to Activity 50 


'The change in the displacement of the object from 
time t = 0 to time t = 10 is 


10 t? 
in | —— | dt. 
J sin (5) 


A computer gives the value of this definite integral 
as 2.15 (to 2 d.p.). 

So the displacement of the object at time t = 10 is 
(6 + 2.15) m = 8.15m, to the nearest centimetre. 
(Details of how to use the CAS to find the indefinite 
integral are given in the Computer algebra guide, in 


the section ‘Computer methods for CAS activities 
in Books A-D'.) 
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